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Abstract
Real-time water quality control (WQC) in water distribution networks (WDN), the problem of
regulating disinfectant levels, is challenging due to lack of (i) a proper control-oriented modeling
considering complicated components (junctions, reservoirs, tanks, pipes, pumps, and valves) for
water quality modeling and (ii) a corresponding scalable control algorithm that performs real-
time water quality regulation. In this paper, we solve the WQC problem by (a) proposing a
novel state-space representation of the WQC problem that provides explicit relationship between
inputs (chlorine dosage at booster stations) and states/outputs (chlorine concentrations in the
entire network) and (b) designing a highly scalable model predictive control (MPC) algorithm
that showcases fast response time and resilience against some sources of uncertainty.
Index Terms
Water quality control problem, state-space representation, operation of booster disinfection,
model predictive control, scalable algorithm.
I. INTRODUCTION AND PAPER CONTRIBUTIONS
BEFORE drinking water leaves water treatment plants, chemical disinfection is typically applied to ensure the microbiolog-ical safety of the treated water. Water utilities worldwide rely on chlorine-based disinfectants due to their strong antimi-
crobial activity and low cost. Excess chlorine is usually applied at the treatment plant to prevent microbial re-contamination
of the treated drinking water as it moves through the pipes of water distribution networks (WDN).
Residual chlorine concentrations are routinely monitored to verify that a sufficient residual is maintained throughout WDN.
Maintenance of a detectable residual is also typically mandated by state and federal regulations in many countries. For instance,
water utilities in the US are required to preserve detectable chlorine residual throughout their WDNs under the Surface Water
Treatment Rule (SWTR) [1], and many states have established even more stringent numerical thresholds on the minimum
residual concentration [2].
Nevertheless, determining the appropriate chlorine dosage to ensure a sufficient residual, particularly at the far ends of WDNs
where the water age is the highest, is rather challenging. Applying large doses of chlorine-based disinfectants at the treatment
plant has been associated with multiple issues, including the excessive formation of disinfection byproducts as well as aesthetic
issues with water taste and odor [3], [4]. Alternatively, the disinfectant can be injected in smaller doses at multiple locations in
the network, a practice commonly known as booster disinfection, to maintain a uniform disinfectant concentration throughout
the WDN [5]. Most recently, to solve the problem of low disinfectant concentrations at critical dead-end nodes with no need
of increasing disinfectant dose at sources or installing additional booster stations, the modulation of nodal outflows in WDN
is proposed [6]. For more context of real-time control of water quality in WDN; see [7].
A. Literature review
Over the past two decades, many studies have investigated the water quality control problem (WQC) of optimizing the
locations and/or dosing schedules of booster disinfection systems.
A wide range of optimization-based methods was used to solve the WQC problem, including linear programming (LP),
quadratic programming (QP), heuristic algorithms such as genetic algorithm (GA), and multi-objective optimization algorithms.
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2Boccelli et al. [8] solved the WQC problem to minimize the total disinfectant mass dose required to satisfy residual constraints.
Applying the principle of linear superposition to disinfectant concentrations resulting from multiple injections, they formulated
the WQC problem as an LP. Their work was later extended by [9] by including the locations of booster stations as decision
variables resulting in a mixed-integer linear programming (MILP) problem. WQC problem was also solved by [10] who
proposed a linear least-squares method, which is a QP, to optimize disinfectant injection rates. Munavalli and Kumar [11]
determined the injection rates of boosters whose locations are known in advance, and used a GA algorithm to solve the
optimization problem.
GA was also implemented Ostfeld and Salomons [12] to simultaneously optimize pump scheduling, the layout, and operation
of booster chlorination stations, and was combined with multi-species water quality simulations to incorporate disinfection by-
product (DBP) levels in the constraints [13]. Furthermore, multi-objective optimization was also applied to solve the WQC
problem, where Prasad et al. [14] used a multi-objective genetic algorithm (NSGA-II) to minimize the total disinfectant dose
and simultaneously maximize the water demand within specified residual limits. A comprehensive review of the literature on
the optimization of booster chlorination systems can be found in the recent works by Islam et al. [15], and Mala-Jetmarova et
al. [16].
From these studies, we summarize the WQC problem as being comprised of two main components: water quality modeling
and water quality control. Water quality modeling depicts the decay and transport of chlorine-based disinfectants in the
WDN. This can be expressed via the advection-reaction dynamics for which three different families of numerical schemes
can be used to obtain the numerical solution: Eulerian-based schemes [17], Lagrangian-based schemes [18], [19], and hybrid
EulerianLagrangian schemes [20]. For example, EPANET [21] is a widely used modeling software using a Lagrangian-based
approach. Water quality control is the corresponding algorithm or mechanism applied control to water quality modeling to reach
the control objectives. In theory, WQC can be performed through a plethora of control algorithms with different underlying
concepts including feedback control, adaptive control, and model predictive control (MPC).
We observe that a common drawback exists in the majority of the aforementioned studies: the utilized approaches failed
to write or formulate water quality modeling explicitly depicting the relationship between multiple network inputs (booster
injection) and outputs (various critical junction concentrations). This implies that the majority of water quality modelings are
not designed for control-theoretic algorithms to be faithfully applied—this hinders applying state-of-the-art control algorithms
for water quality. To overcome some aforementioned drawbacks, Zierolf et al. [22] derived an input/output (I/O) water quality
model giving explicit relationship between inputs and outputs. However, this model does not consider storage components.
This I/O model was then further extended by [23], [24] to allow storage tanks, multiple water sources, and quality inputs.
The I/O model is friendly for control purposes since it can be applied in the WQC problem after combining with one of the
aforementioned control algorithms including adaptive control [25], [26], and MPC [27], [28].
Besides the I/O model which creates relationships between specific inputs and outputs in a general dynamic system, another
standard modeling paradigm is a state-space model, i.e., a mathematical model of a physical system as a set of input u, output
y, and state variable x related by first-order differential equations (in continuous time) or difference equations (in discrete
time). In contrast with the rather simplistic I/O model, control-theoretic, state-space models also capture the evolution of all
physical states in the system. This can either be too complex or cumbersome to incorporate within I/O models that only
capture specific input/output relationships. Additionally, numerous I/O models need to be developed based on the different
combinations of locations of inputs (boosters) and outputs (sensors), but one space-state model can cover such a situation. For
linear dynamic systems, state-space representation can be written as
x(t+ 1) = A(t)x(t) +B(t)u(t),
y(t) = C(t)x(t) +D(t)u(t)
(1)
where x ∈ Rnx is the vector of system states (i.e., concentrations in all network components and pipe segments), and we do
not consider hydraulic states; u ∈ Rnu includes all control inputs (i.e., chlorine injection schedules); y ∈ Rny models sensor
measurements (i.e., concentrations at selected network locations); A, B, C, and D are corresponding state-space matrices
modeling the evolution of the states according to water chemistry and conservation of mass in space and time.
The model (1) is absent from the WQC literature; all WQC studies do not report or propose thorough state-space dynamics
akin to (1), and all control studies [25]–[28] built an I/O model that does not explicitly model the states, which results in
a model that only captures the output performance rather than all state variables x in the network. In particular, Zierolf et
al. [22] claimed that
Formulating the problem of chlorine concentration with a state-space model is rather intractable due to the
dimension of the system [22].
In this paper, we overcome this challenge by showcasing that the formulation of the state-space model is indeed possible and
tractable, while demonstrating that optimal model predictive WQC can also be scalable.
B. Paper objectives and contributions
To that end, the objective of this study is to build a time-varying, control- and network-theoretic model that corresponds to
the variation of chlorine concentrations in arbitrary water networks with all kinds of components. This model is then explicitly
3used to inform the near real-time, optimal injections of booster chlorination stations, while satisfying and optimizing water
quality constraints and metrics. Rather than relying on simulation-based techniques, we propose a novel approach for solving
the WQC problem by coupling an MPC algorithm with a scalable control-oriented water quality modeling approach. The
designed model and optimal control formulations are informed by the network structure and the future evolution of chlorine
concentrations. The paper contributions are:
• A novel state-space formulation of WQC problem is developed, akin to (1). In particular, this paper presents the very first
thorough attempt to build a control-theoretic model for water quality simulation—without needing a water quality simulation
toolbox. This model is indeed large-scale with millions of state variables for mid-size networks, endowed with great detail
and accuracy, its derivation is provided with thorough examples in appendices, and numerical case studies show that the
derived state-space model produces nearly identical water quality simulations in comparison with simulation packages.
• The derived state-space model is then used to formulate a real-time WQC problem as a constrained quadratic problem (QP),
via a model predictive control (MPC) approach—a contemporary approach to solving control problems. Due to the large
dimensionality of the formulated QP, and to allow for real-time implementation, a simple transformation is utilized to show
how analytical solutions of the QP can be obtained without needing to solve a large-scale optimization problem. In short,
the proposed control algorithm is truly plug-and-play: the system operator measures the chlorine concentrations at certain
junctions and the control algorithm immediately provides optimal dosages of chlorine where booster stations are installed in
a closed-loop, feedback control fashion.
• Thorough case studies show the potential of applying the MPC-based, WQC on water networks with some sources of
uncertainty (i.e., demand uncertainty, reaction rate coefficients uncertainty, and unmodeled disturbances impacting chlorine
concentrations).
The rest of the paper is organized as follows. Section II introduces control-oriented water quality modeling by presenting the
models of each component in detail. An abstract, nonlinear, state-space format for the water quality model is given first, then
the corresponding linear form is presented after considering the first-order reaction model in Section III. The control algorithm,
specifically, MPC, starts to be introduced in Section IV, and a linear program is formed. Section V presents a scalable algorithm
that transforms the linear program with millions of variables to a quadratic program with fewer variables. Section VI presents
case studies to corroborate the paper’s findings, and the limitations and future research directions are given in Section VII. All
mathematical proofs are given in the appendices, which also contain other important derivations. The notation for this paper
is introduced next.
Notation. Italicized, boldface upper and lower case characters represent matrices and column vectors: a is a scalar, a is a
vector, and A is a matrix. Matrix I denotes a identity square matrix, whereas Om×n denotes a zero matrix with size m-by-n.
The notations R and R++ denote the set of real and positive real numbers. The notations Rn and Rm×n denote a column
vector with n elements and an m-by-n matrix in R. For any vector x ∈ Rn, x> is its transpose. For x,y ∈ Rn, the element-
wise product or Hadamard product is defined as x ◦ y := [x1y1, x2y2, . . . , xnyn]>, which can also be expressed by matrix
multiplication form, that is x ◦ y := diag(x)y = diag(y)x; similarly, the element-wise division or Hadamard division is
defined as x  y := [x1y1 , x2y2 , . . . , xnyn ]> when x ∈ Rn,y ∈ Rn++, and x  y = diag(y)−1x. For any two matrices A and B
with same number of columns, the notation {A,B} denotes [A> B>]> and A⊗B stands for the Kronecker product of A
and B. The trace of square matrix A is Tr(A).
II. CONTROL-ORIENTED WATER QUALITY MODELING
We model WDNs by a directed graph G = (W,L). Set W defines the nodes and is partitioned as W = J ⋃ T ⋃R where
J , T , and R are collection of junctions, tanks, and reservoirs. Let L ⊆ W ×W be the set of links, and define the partition
L = P⋃M⋃V , where P , M, and V represent the collection of pipes, pumps, and valves. Let downstream nodes of pumps
and valves as a set D. Hence, the nodes having no connection with pumps and valves and the upstream nodes of pumps and
valves areW\D. For the i-th node, set Ni collects its neighboring nodes (any two nodes connected by a link) and is partitioned
as Ni = N ini
⋃N outi , where N ini and N outi are collection of inflow and outflow nodes. The number of junctions, reservoirs,
tanks, pipes, pumps, and valves is nJ, nR, nTK, nP, nM, and nV. In this paper, we use the Lax Wendroff [29] numerical
scheme to solve the advection-reaction dynamics in pipes, and Pipe ij with length Lij is split into sLij segments. The total
number of segment in all pipes are nS =
∑
ij∈P
sLij . Thus, the number of chlorine concentration variables at nodes and in links
are nN = nJ + nR + nTK and nL = nS + nM + nV.
Before introducing water quality modeling for each WDN component, we introduce symbols and vector notations. We define
EG as the connectivity matrix of graph G. Notice that the assignment of direction to each link (and the resulting inflow/outflow
node classification) is arbitrary. Thus, EG is comprised of −1, 0, and 1 representing negative connection, no connection, and
positive connection. Besides, EG has row vector form [ENP
>
ENM
>
ENV
>
] and column vector form {ELJ , ELR, ELTK} from
4 t
<latexit sha1_base64="GbA K1DkzBaPelb/IPGn Obsyg3PY=">AAAB7 3icbZA7SwNBEMfnf Mb4ilraLAbBKtzZa GdAC8sI5gFJCHubu WTJ3sPdOSEe+RI2F opY2Ph17Cz9Jm4eh Sb+YeHH/z/DzoyfK GnIdb+cpeWV1bX13 EZ+c2t7Z7ewt18zc aoFVkWsYt3wuUElI 6ySJIWNRCMPfYV1f3 A5zuv3qI2Mo1saJt gOeS+SgRScrNVoXa EizqhTKLoldyK2CN 4MihfvD99lAKh0Cp +tbizSECMSihvT9N yE2hnXJIXCUb6VGk y4GPAeNi1GPETTzi bzjtixdbosiLV9Eb GJ+7sj46Exw9C3lS GnvpnPxuZ/WTOl4L ydyShJCSMx/ShIFa OYjZdnXalRkBpa4E JLOysTfa65IHuivD 2CN7/yItROS55b8m7 cYpnBVDk4hCM4AQ/ OoAzXUIEqCFDwCM/ w4tw5T86r8zYtXXJ mPQfwR87HD+I1kfw =</latexit><latexit sha1_base64="GxX Fx587kyxw4pCcPoB n9dOrJfE=">AAAB7 3icbZC7SgNBFIbPx luMt3jpbAaDYBV2b bQzoKBlBHOBJITZy WwyZHZ2nTkrxCUvY WOhiIWNjQ9jZ+mbO LkUmvjDwMf/n8Occ /xYCoOu++VkFhaXl leyq7m19Y3Nrfz2T tVEiWa8wiIZ6bpPD ZdC8QoKlLwea05DX/ Ka3z8f5bU7ro2I1A 0OYt4KaVeJQDCK1q o3L7hESrCdL7hFdy wyD94UCmdv99+XH3 tpuZ3/bHYiloRcIZ PUmIbnxthKqUbBJB /mmonhMWV92uUNi4 qG3LTS8bxDcmidDg kibZ9CMnZ/d6Q0NG YQ+rYypNgzs9nI/C 9rJBictlKh4gS5Yp OPgkQSjMhoedIRmj OUAwuUaWFnJaxHNW VoT5SzR/BmV56H6nH Rc4vetVsoEZgoC/t wAEfgwQmU4ArKUAE GEh7gCZ6dW+fReXF eJ6UZZ9qzC3/kvP8 Ak2yTQA==</latex it><latexit sha1_base64="GxX Fx587kyxw4pCcPoB n9dOrJfE=">AAAB7 3icbZC7SgNBFIbPx luMt3jpbAaDYBV2b bQzoKBlBHOBJITZy WwyZHZ2nTkrxCUvY WOhiIWNjQ9jZ+mbO LkUmvjDwMf/n8Occ /xYCoOu++VkFhaXl leyq7m19Y3Nrfz2T tVEiWa8wiIZ6bpPD ZdC8QoKlLwea05DX/ Ka3z8f5bU7ro2I1A 0OYt4KaVeJQDCK1q o3L7hESrCdL7hFdy wyD94UCmdv99+XH3 tpuZ3/bHYiloRcIZ PUmIbnxthKqUbBJB /mmonhMWV92uUNi4 qG3LTS8bxDcmidDg kibZ9CMnZ/d6Q0NG YQ+rYypNgzs9nI/C 9rJBictlKh4gS5Yp OPgkQSjMhoedIRmj OUAwuUaWFnJaxHNW VoT5SzR/BmV56H6nH Rc4vetVsoEZgoC/t wAEfgwQmU4ArKUAE GEh7gCZ6dW+fReXF eJ6UZZ9qzC3/kvP8 Ak2yTQA==</latex it><latexit sha1_base64="hP+ 6LrUf2d3tZaldqaQ QvEKMXyw=">AAAB2 XicbZDNSgMxFIXv1 L86Vq1rN8EiuCozb nQpuHFZwbZCO5RM5 k4bmskMyR2hDH0BF 25EfC93vo3pz0JbD wQ+zknIvSculLQUB N9ebWd3b/+gfugfN fzjk9Nmo2fz0gjsi lzl5jnmFpXU2CVJC p8LgzyLFfbj6f0i77 +gsTLXTzQrMMr4WM tUCk7O6oyaraAdLM W2IVxDC9YaNb+GSS 7KDDUJxa0dhEFBUc UNSaFw7g9LiwUXUz 7GgUPNM7RRtRxzzi 6dk7A0N+5oYkv394 uKZ9bOstjdzDhN7G a2MP/LBiWlt1EldV ESarH6KC0Vo5wtdm aJNChIzRxwYaSblY kJN1yQa8Z3HYSbG2 9D77odBu3wMYA6nM MFXEEIN3AHD9CBLgh I4BXevYn35n2suqp 569LO4I+8zx84xIo 4</latexit><latexit sha1_base64="ru2 j248m4zIT/0Jvyd8 UdDzlLPM=">AAAB5 HicbZBLSwMxFIXv+ Ky1anXrJlgEV2XGj S4FXbisYB/QDiWT3 mlDM5kxuSOUoX/Cj QtF/E3u/Demj4W2H gh8nJOQe0+UKWnJ9 7+9jc2t7Z3d0l55v 3JweFQ9rrRsmhuBT ZGq1HQiblFJjU2Sp LCTGeRJpLAdjW9nef sZjZWpfqRJhmHCh1 rGUnByVqd3h4o4o3 615tf9udg6BEuowV KNfvWrN0hFnqAmob i13cDPKCy4ISkUTs u93GLGxZgPsetQ8w RtWMznnbJz5wxYnB p3NLG5+/tFwRNrJ0 nkbiacRnY1m5n/Zd 2c4uuwkDrLCbVYfB TnilHKZsuzgTQoSE 0ccGGkm5WJETdckK uo7EoIVldeh9ZlPf DrwYMPJTiFM7iAAK7 gBu6hAU0QoOAF3uD de/JevY9FXRvesrc T+CPv8wde2Y5K</l atexit><latexit sha1_base64="ru2 j248m4zIT/0Jvyd8 UdDzlLPM=">AAAB5 HicbZBLSwMxFIXv+ Ky1anXrJlgEV2XGj S4FXbisYB/QDiWT3 mlDM5kxuSOUoX/Cj QtF/E3u/Demj4W2H gh8nJOQe0+UKWnJ9 7+9jc2t7Z3d0l55v 3JweFQ9rrRsmhuBT ZGq1HQiblFJjU2Sp LCTGeRJpLAdjW9nef sZjZWpfqRJhmHCh1 rGUnByVqd3h4o4o3 615tf9udg6BEuowV KNfvWrN0hFnqAmob i13cDPKCy4ISkUTs u93GLGxZgPsetQ8w RtWMznnbJz5wxYnB p3NLG5+/tFwRNrJ0 nkbiacRnY1m5n/Zd 2c4uuwkDrLCbVYfB TnilHKZsuzgTQoSE 0ccGGkm5WJETdckK uo7EoIVldeh9ZlPf DrwYMPJTiFM7iAAK7 gBu6hAU0QoOAF3uD de/JevY9FXRvesrc T+CPv8wde2Y5K</l atexit><latexit sha1_base64="ZCa LxvagXPqgme7MNDk ZueE1HjE=">AAAB7 3icbVDLSgNBEOz1G eMr6tHLYBA8hV0ve gzowWME84BkCbOT3 mTI7MOZXiEs+QkvH hTx6u9482+cJHvQx IKGoqqb7q4gVdKQ6 347a+sbm1vbpZ3y7 t7+wWHl6LhlkkwLb IpEJboTcINKxtgkS Qo7qUYeBQrbwfhm5r efUBuZxA80SdGP+D CWoRScrNTp3aIizq hfqbo1dw62SryCVK FAo1/56g0SkUUYk1 DcmK7npuTnXJMUCq flXmYw5WLMh9i1NO YRGj+f3ztl51YZsD DRtmJic/X3RM4jYy ZRYDsjTiOz7M3E/7 xuRuG1n8s4zQhjsV gUZopRwmbPs4HUKE hNLOFCS3srEyOuuS AbUdmG4C2/vEpalz XPrXn3brXOijhKcAp ncAEeXEEd7qABTRC g4Ble4c15dF6cd+d j0brmFDMn8AfO5w+ D+49+</latexit><latexit sha1_base64="ZCa LxvagXPqgme7MNDk ZueE1HjE=">AAAB7 3icbVDLSgNBEOz1G eMr6tHLYBA8hV0ve gzowWME84BkCbOT3 mTI7MOZXiEs+QkvH hTx6u9482+cJHvQx IKGoqqb7q4gVdKQ6 347a+sbm1vbpZ3y7 t7+wWHl6LhlkkwLb IpEJboTcINKxtgkS Qo7qUYeBQrbwfhm5r efUBuZxA80SdGP+D CWoRScrNTp3aIizq hfqbo1dw62SryCVK FAo1/56g0SkUUYk1 DcmK7npuTnXJMUCq flXmYw5WLMh9i1NO YRGj+f3ztl51YZsD DRtmJic/X3RM4jYy ZRYDsjTiOz7M3E/7 xuRuG1n8s4zQhjsV gUZopRwmbPs4HUKE hNLOFCS3srEyOuuS AbUdmG4C2/vEpalz XPrXn3brXOijhKcAp ncAEeXEEd7qABTRC g4Ble4c15dF6cd+d j0brmFDMn8AfO5w+ D+49+</latexit><latexit sha1_base64="GxX Fx587kyxw4pCcPoB n9dOrJfE=">AAAB7 3icbZC7SgNBFIbPx luMt3jpbAaDYBV2b bQzoKBlBHOBJITZy WwyZHZ2nTkrxCUvY WOhiIWNjQ9jZ+mbO LkUmvjDwMf/n8Occ /xYCoOu++VkFhaXl leyq7m19Y3Nrfz2T tVEiWa8wiIZ6bpPD ZdC8QoKlLwea05DX/ Ka3z8f5bU7ro2I1A 0OYt4KaVeJQDCK1q o3L7hESrCdL7hFdy wyD94UCmdv99+XH3 tpuZ3/bHYiloRcIZ PUmIbnxthKqUbBJB /mmonhMWV92uUNi4 qG3LTS8bxDcmidDg kibZ9CMnZ/d6Q0NG YQ+rYypNgzs9nI/C 9rJBictlKh4gS5Yp OPgkQSjMhoedIRmj OUAwuUaWFnJaxHNW VoT5SzR/BmV56H6nH Rc4vetVsoEZgoC/t wAEfgwQmU4ArKUAE GEh7gCZ6dW+fReXF eJ6UZZ9qzC3/kvP8 Ak2yTQA==</latex it><latexit sha1_base64="GxX Fx587kyxw4pCcPoB n9dOrJfE=">AAAB7 3icbZC7SgNBFIbPx luMt3jpbAaDYBV2b bQzoKBlBHOBJITZy WwyZHZ2nTkrxCUvY WOhiIWNjQ9jZ+mbO LkUmvjDwMf/n8Occ /xYCoOu++VkFhaXl leyq7m19Y3Nrfz2T tVEiWa8wiIZ6bpPD ZdC8QoKlLwea05DX/ Ka3z8f5bU7ro2I1A 0OYt4KaVeJQDCK1q o3L7hESrCdL7hFdy wyD94UCmdv99+XH3 tpuZ3/bHYiloRcIZ PUmIbnxthKqUbBJB /mmonhMWV92uUNi4 qG3LTS8bxDcmidDg kibZ9CMnZ/d6Q0NG YQ+rYypNgzs9nI/C 9rJBictlKh4gS5Yp OPgkQSjMhoedIRmj OUAwuUaWFnJaxHNW VoT5SzR/BmV56H6nH Rc4vetVsoEZgoC/t wAEfgwQmU4ArKUAE GEh7gCZ6dW+fReXF eJ6UZZ9qzC3/kvP8 Ak2yTQA==</latex it><latexit sha1_base64="GxX Fx587kyxw4pCcPoB n9dOrJfE=">AAAB7 3icbZC7SgNBFIbPx luMt3jpbAaDYBV2b bQzoKBlBHOBJITZy WwyZHZ2nTkrxCUvY WOhiIWNjQ9jZ+mbO LkUmvjDwMf/n8Occ /xYCoOu++VkFhaXl leyq7m19Y3Nrfz2T tVEiWa8wiIZ6bpPD ZdC8QoKlLwea05DX/ Ka3z8f5bU7ro2I1A 0OYt4KaVeJQDCK1q o3L7hESrCdL7hFdy wyD94UCmdv99+XH3 tpuZ3/bHYiloRcIZ PUmIbnxthKqUbBJB /mmonhMWV92uUNi4 qG3LTS8bxDcmidDg kibZ9CMnZ/d6Q0NG YQ+rYypNgzs9nI/C 9rJBictlKh4gS5Yp OPgkQSjMhoedIRmj OUAwuUaWFnJaxHNW VoT5SzR/BmV56H6nH Rc4vetVsoEZgoC/t wAEfgwQmU4ArKUAE GEh7gCZ6dW+fReXF eJ6UZZ9qzC3/kvP8 Ak2yTQA==</latex it><latexit sha1_base64="GxX Fx587kyxw4pCcPoB n9dOrJfE=">AAAB7 3icbZC7SgNBFIbPx luMt3jpbAaDYBV2b bQzoKBlBHOBJITZy WwyZHZ2nTkrxCUvY WOhiIWNjQ9jZ+mbO LkUmvjDwMf/n8Occ /xYCoOu++VkFhaXl leyq7m19Y3Nrfz2T tVEiWa8wiIZ6bpPD ZdC8QoKlLwea05DX/ Ka3z8f5bU7ro2I1A 0OYt4KaVeJQDCK1q o3L7hESrCdL7hFdy wyD94UCmdv99+XH3 tpuZ3/bHYiloRcIZ PUmIbnxthKqUbBJB /mmonhMWV92uUNi4 qG3LTS8bxDcmidDg kibZ9CMnZ/d6Q0NG YQ+rYypNgzs9nI/C 9rJBictlKh4gS5Yp OPgkQSjMhoedIRmj OUAwuUaWFnJaxHNW VoT5SzR/BmV56H6nH Rc4vetVsoEZgoC/t wAEfgwQmU4ArKUAE GEh7gCZ6dW+fReXF eJ6UZZ9qzC3/kvP8 Ak2yTQA==</latex it><latexit sha1_base64="ZCa LxvagXPqgme7MNDk ZueE1HjE=">AAAB7 3icbVDLSgNBEOz1G eMr6tHLYBA8hV0ve gzowWME84BkCbOT3 mTI7MOZXiEs+QkvH hTx6u9482+cJHvQx IKGoqqb7q4gVdKQ6 347a+sbm1vbpZ3y7 t7+wWHl6LhlkkwLb IpEJboTcINKxtgkS Qo7qUYeBQrbwfhm5r efUBuZxA80SdGP+D CWoRScrNTp3aIizq hfqbo1dw62SryCVK FAo1/56g0SkUUYk1 DcmK7npuTnXJMUCq flXmYw5WLMh9i1NO YRGj+f3ztl51YZsD DRtmJic/X3RM4jYy ZRYDsjTiOz7M3E/7 xuRuG1n8s4zQhjsV gUZopRwmbPs4HUKE hNLOFCS3srEyOuuS AbUdmG4C2/vEpalz XPrXn3brXOijhKcAp ncAEeXEEd7qABTRC g4Ble4c15dF6cd+d j0brmFDMn8AfO5w+ D+49+</latexit>  xij
<latexit s ha1_base64="hD/CDli 9g8Gjc7ORKq647pXyJy g=">AAAB9HicbVC7TsN AEFyHVwivACXNiQiJKr JpoIwEBWWQyENKrHC+n JOD89ncrSMiKwVfQUNB hGj5GDr+hsujgISRVhr N7Gp3J0ikMOi6305uZX VtfSO/Wdja3tndK+4f1 E2casZrLJaxbgbUcCkUr 6FAyZuJ5jQKJG8ED5cT vzHg2ohY3eIw4X5Ee0q EglG0kt++4hIpeepk4n 7UKZbcsjsFWSbenJQqu fHzHQBUO8WvdjdmacQV MkmNaXlugn5GNQom+aj QTg1PKHugPd6yVNGIGz +bHj0iJ1bpkjDWthSSq fp7IqORMcMosJ0Rxb5Z 9Cbif14rxfDCz4RKUuS KzRaFqSQYk0kCpCs0Zy iHllCmhb2VsD7VlKHNq WBD8BZfXib1s7Lnlr0b mwaBGfJwBMdwCh6cQwW uoQo1YPAIL/AGY2fgvD rvzsesNefMZw7hD5zPH /+Dk6I=</latexit><latexit s ha1_base64="xTYAwOR uUiealheYgKCkeuBt3t U=">AAAB9HicbVC7TgJ BFL2LDxBfqKXNRGJiRX ZttCTRwhKjPCJsyOxwF 0ZmH87MEsmGwq+wsZAY Wxv/xM6/cXgUCp7kJif n3Jt77/FiwZW27W8rs7 K6tp7NbeQ3t7Z3dgt7+ zUVJZJhlUUikg2PKhQ8x KrmWmAjlkgDT2Dd619M /PoApeJReKuHMboB7Yb c54xqI7mtSxSaksd2yu 9H7ULRLtlTkGXizEmxn Bk/3WU/byrtwlerE7Ek wFAzQZVqOnas3ZRKzZn AUb6VKIwp69MuNg0NaY DKTadHj8ixUTrEj6SpU JOp+nsipYFSw8AznQHV PbXoTcT/vGai/XM35WG caAzZbJGfCKIjMkmAdL hEpsXQEMokN7cS1qOSM m1yypsQnMWXl0nttOTY JefapEFghhwcwhGcgAN nUIYrqEAVGDzAM7zC2B pYL9ab9T5rzVjzmQP4A +vjB16jlKk=</latexi t><latexit s ha1_base64="xTYAwOR uUiealheYgKCkeuBt3t U=">AAAB9HicbVC7TgJ BFL2LDxBfqKXNRGJiRX ZttCTRwhKjPCJsyOxwF 0ZmH87MEsmGwq+wsZAY Wxv/xM6/cXgUCp7kJif n3Jt77/FiwZW27W8rs7 K6tp7NbeQ3t7Z3dgt7+ zUVJZJhlUUikg2PKhQ8x KrmWmAjlkgDT2Dd619M /PoApeJReKuHMboB7Yb c54xqI7mtSxSaksd2yu 9H7ULRLtlTkGXizEmxn Bk/3WU/byrtwlerE7Ek wFAzQZVqOnas3ZRKzZn AUb6VKIwp69MuNg0NaY DKTadHj8ixUTrEj6SpU JOp+nsipYFSw8AznQHV PbXoTcT/vGai/XM35WG caAzZbJGfCKIjMkmAdL hEpsXQEMokN7cS1qOSM m1yypsQnMWXl0nttOTY JefapEFghhwcwhGcgAN nUIYrqEAVGDzAM7zC2B pYL9ab9T5rzVjzmQP4A +vjB16jlKk=</latexi t><latexit s ha1_base64="88wppcb 7F9PSfnZryyljZkF/oR M=">AAAB9HicbVA9SwN BEN2LXzF+RS1tFoNgFe 5stAxoYRnBfEByhL3NX LJmb+/cnQuGI7/DxkIR W3+Mnf/GTXKFJj4YeLw 3w8y8IJHCoOt+O4W19Y 3NreJ2aWd3b/+gfHjUN HGqOTR4LGPdDpgBKRQ0U KCEdqKBRYGEVjC6nvmt MWgjYnWPkwT8iA2UCAV naCW/ewMSGX3qZeJh2i tX3Ko7B10lXk4qJEe9V /7q9mOeRqCQS2ZMx3MT 9DOmUXAJ01I3NZAwPmI D6FiqWATGz+ZHT+mZVf o0jLUthXSu/p7IWGTMJ ApsZ8RwaJa9mfif10kx vPIzoZIUQfHFojCVFGM 6S4D2hQaOcmIJ41rYWy kfMs042pxKNgRv+eVV0 ryoem7Vu3MrNZrHUSQn 5JScE49ckhq5JXXSIJw 8kmfySt6csfPivDsfi9 aCk88ckz9wPn8AnTyR3 g==</latexit> x
<latexit s ha1_base64="RvcmDsZ JM2wlnTrF2W9PeWk8Tx U=">AAAB6HicbZC7SgN BFIbPxluMt6ilzWAQrM KujXYGbCwTMBdIljA7O ZuMmZ1dZmbFuOQJbCwU sRWfyM7SN3FyKTTxh4G P/z+HOecEieDauO6Xk1 tZXVvfyG8WtrZ3dveK+ wcNHaeKYZ3FIlatgGoUX GLdcCOwlSikUSCwGQyv JnnzDpXmsbwxowT9iPY lDzmjxlq1+26x5Jbdqc gyeHMoXX48fFcAoNotf nZ6MUsjlIYJqnXbcxPj Z1QZzgSOC51UY0LZkPa xbVHSCLWfTQcdkxPr9E gYK/ukIVP3d0dGI61HU WArI2oGejGbmP9l7dSE F37GZZIalGz2UZgKYmI y2Zr0uEJmxMgCZYrbWQ kbUEWZsbcp2CN4iysvQ +Os7Lllr+aWKgRmysMR HMMpeHAOFbiGKtSBAcI jPMOLc+s8Oa/O26w058 x7DuGPnPcfOQiPVA==< /latexit><latexit s ha1_base64="zwz6aSj WQnMzZym4BM0opVK3BT I=">AAAB6HicbZC7SgN BFIbPeo3xFi+dzWAQrM KujXYGLLRMwFwgCWF2c jYZMzu7zMyKcckT2Fgo YivWPoydpW/i5FJo4g8 DH/9/DnPO8WPBtXHdL2 dhcWl5ZTWzll3f2Nzaz u3sVnWUKIYVFolI1X2qU XCJFcONwHqskIa+wJrf vxjltVtUmkfy2gxibIW 0K3nAGTXWKt+1c3m34I 5F5sGbQv78/f778mM/L bVzn81OxJIQpWGCat3w 3Ni0UqoMZwKH2WaiMaa sT7vYsChpiLqVjgcdki PrdEgQKfukIWP3d0dKQ 60HoW8rQ2p6ejYbmf9l jcQEZ62UyzgxKNnkoyA RxERktDXpcIXMiIEFyh S3sxLWo4oyY2+TtUfwZ leeh+pJwXMLXtnNFwlM lIEDOIRj8OAUinAFJag AA4QHeIJn58Z5dF6c10 npgjPt2YM/ct5+AOowk Jg=</latexit><latexit s ha1_base64="zwz6aSj WQnMzZym4BM0opVK3BT I=">AAAB6HicbZC7SgN BFIbPeo3xFi+dzWAQrM KujXYGLLRMwFwgCWF2c jYZMzu7zMyKcckT2Fgo YivWPoydpW/i5FJo4g8 DH/9/DnPO8WPBtXHdL2 dhcWl5ZTWzll3f2Nzaz u3sVnWUKIYVFolI1X2qU XCJFcONwHqskIa+wJrf vxjltVtUmkfy2gxibIW 0K3nAGTXWKt+1c3m34I 5F5sGbQv78/f778mM/L bVzn81OxJIQpWGCat3w 3Ni0UqoMZwKH2WaiMaa sT7vYsChpiLqVjgcdki PrdEgQKfukIWP3d0dKQ 60HoW8rQ2p6ejYbmf9l jcQEZ62UyzgxKNnkoyA RxERktDXpcIXMiIEFyh S3sxLWo4oyY2+TtUfwZ leeh+pJwXMLXtnNFwlM lIEDOIRj8OAUinAFJag AA4QHeIJn58Z5dF6c10 npgjPt2YM/ct5+AOowk Jg=</latexit><latexit s ha1_base64="5F0zA+u 0/9jKxynLzYKCUVOtMi 8=">AAAB6HicbVBNT8J AEJ3iF+IX6tHLRmLiib Re9EjixSMkFkigIdtlC ivbbbO7NZKGX+DFg8Z4 9Sd589+4QA8KvmSSl/d mMjMvTAXXxnW/ndLG5t b2Tnm3srd/cHhUPT5p6 yRTDH2WiER1Q6pRcIm+4 UZgN1VI41BgJ5zczv3O IyrNE3lvpikGMR1JHnF GjZVaT4Nqza27C5B14h WkBgWag+pXf5iwLEZpm KBa9zw3NUFOleFM4KzS zzSmlE3oCHuWShqjDvL FoTNyYZUhiRJlSxqyUH 9P5DTWehqHtjOmZqxXv bn4n9fLTHQT5FymmUHJ louiTBCTkPnXZMgVMiO mllCmuL2VsDFVlBmbTc WG4K2+vE7aV3XPrXstt 9YgRRxlOINzuAQPrqEB d9AEHxggPMMrvDkPzov z7nwsW0tOMXMKf+B8/g Dav4zW</latexit>
t
<latex it sha1_bas e64="KE3Dk 30/mczRVno6 5heiTAyYcd4 =">AAAB6Hi cbZA7SwNBEM fnfMb4ilraL AbBKtzZaGfA xjIB84AkhL 3NXLJm78Hun BCPfAIbC0Vs xU9kZ+k3cf MoNPEPCz/+/ xl2ZvxESUOu ++WsrK6tb2z mtvLbO7t7+ 4WDw7qJUy2w JmIV66bPDSo ZYY0kKWwmG nnoK2z4w+tJ 3rhHbWQc3dI owU7I+5EMpO BkrSp1C0W3 5E7FlsGbQ/H q4+G7DACVbu Gz3YtFGmJE QnFjWp6bUCf jmqRQOM63U4 MJF0Pex5bFi IdoOtl00DE 7tU6PBbG2Ly I2dX93ZDw0Z hT6tjLkNDCL 2cT8L2ulFF x2MhklKWEkZ h8FqWIUs8nW rCc1ClIjC1 xoaWdlYsA1F 2Rvk7dH8BZX Xob6eclzS17 VLZYZzJSDY ziBM/DgAspw AxWogQCER3i GF+fOeXJen bdZ6Yoz7zmC P3LefwAy+I9 Q</latexit><latex it sha1_bas e64="VsYmi uIEOSXqT6/H 10rhM4A0LvE =">AAAB6Hi cbZC7SgNBFI bPxluMt3jpb AaDYBV2bbQz YKFlAuYCSQ izk7PJmNnZZ WZWiEuewMZC EVux9mHsLH 0TJ5dCE38Y+ Pj/c5hzjh8L ro3rfjmZpeW V1bXsem5jc 2t7J7+7V9NR ohhWWSQi1fC pRsElVg03A huxQhr6Auv+ 4HKc1+9QaR7 JGzOMsR3Snu QBZ9RYq2I6 +YJbdCcii+D NoHDxfv999X GQljv5z1Y3 YkmI0jBBtW5 6bmzaKVWGM4 GjXCvRGFM2o D1sWpQ0RN1 OJ4OOyLF1ui SIlH3SkIn7u yOlodbD0LeV ITV9PZ+Nzf +yZmKC83bKZ ZwYlGz6UZAI YiIy3pp0uU JmxNACZYrbW QnrU0WZsbfJ 2SN48ysvQu2 06LlFr+IWS gSmysIhHMEJ eHAGJbiGMlS BAcIDPMGzc +s8Oi/O67Q0 48x69uGPnLc f5CCQlA==</ latexit><latex it sha1_bas e64="VsYmi uIEOSXqT6/H 10rhM4A0LvE =">AAAB6Hi cbZC7SgNBFI bPxluMt3jpb AaDYBV2bbQz YKFlAuYCSQ izk7PJmNnZZ WZWiEuewMZC EVux9mHsLH 0TJ5dCE38Y+ Pj/c5hzjh8L ro3rfjmZpeW V1bXsem5jc 2t7J7+7V9NR ohhWWSQi1fC pRsElVg03A huxQhr6Auv+ 4HKc1+9QaR7 JGzOMsR3Snu QBZ9RYq2I6 +YJbdCcii+D NoHDxfv999X GQljv5z1Y3 YkmI0jBBtW5 6bmzaKVWGM4 GjXCvRGFM2o D1sWpQ0RN1 OJ4OOyLF1ui SIlH3SkIn7u yOlodbD0LeV ITV9PZ+Nzf +yZmKC83bKZ ZwYlGz6UZAI YiIy3pp0uU JmxNACZYrbW QnrU0WZsbfJ 2SN48ysvQu2 06LlFr+IWS gSmysIhHMEJ eHAGJbiGMlS BAcIDPMGzc +s8Oi/O67Q0 48x69uGPnLc f5CCQlA==</ latexit><latex it sha1_bas e64="zPjFf 8NrsArxtc2s Flfj5lO7dVY =">AAAB6Hi cbVDLSgNBEO z1GeMr6tHLY BA8hV0vegx4 8ZiAeUCyhN lJbzJm9sFMr xCWfIEXD4p4 9ZO8+TdOkj 1oYkFDUdVNd 1eQKmnIdb+d jc2t7Z3d0l5 5/+Dw6Lhyc to2SaYFtkSi Et0NuEElY2y RJIXdVCOPA oWdYHI39ztP qI1M4geapuh HfBTLUApOVm rSoFJ1a+4C bJ14BalCgca g8tUfJiKLMC ahuDE9z03J z7kmKRTOyv3 MYMrFhI+wZ2 nMIzR+vjh0x i6tMmRhom3 FxBbq74mcR8 ZMo8B2RpzGZ tWbi/95vYzC Wz+XcZoRxm K5KMwUo4TNv 2ZDqVGQmlrC hZb2VibGXH NBNpuyDcFbf XmdtK9rnlvz mm61zoo4SnA OF3AFHtxAH e6hAS0QgPAM r/DmPDovzrv zsWzdcIqZM /gD5/MH1K+M 0g==</latex it> cPij(s, t+1)
<latexit sha1_base64="P+naC+pD7J5aphTnBDIr byxtCQ0=">AAACvXicbVHLjhMxEHSG1xJeWThyscggLQKimVzgxkpcOKEgkc1KmRD1eDqJiR8j28MqsvxX /Axc4UPwZHMgm7RkqVzd7eoul7Xg1mXZr05y6/adu/dO7ncfPHz0+Env9OmF1Y1hOGZaaHNZgkXBFY4ddw Iva4MgS4GTcv2xzU9+oLFcq69uU+NMwlLxBWfgIjXvffaFALNEmrI0pHPP6ffwrZDgVkb6UUh9YSUIQdMz +4a6YmVrYOjfDmsXXu/d8ldpoN15r58Nsm3QQ5DvQJ/sYjQ/7UyKSrNGonJMgLXTPKvdzINxnAkM3aKxGF XWsMRphAok2pnfLh7oy8hUdKFNPMrRLft/hwdp7UaWsbJdyd7MteSx3LRxi/czz1XdOFTsWmjRCOo0bV2k FTfInNhEAMzwOCtlKzDAXPR6T6URKMNR3aOD7pES1shQiINSt5LR7G6h8IppKUFVvpDBF6UWVfuMji3xK/K bxh+Ci+Egzwb5l2H/fLj7lBPynLwgZyQn78g5+URGZEwY+Ul+kz/kb/IhwUQk6ro06ex6npG9SK7+Ae143 MU=</latexit><latexit sha1_base64="P+naC+pD7J5aphTnBDIr byxtCQ0=">AAACvXicbVHLjhMxEHSG1xJeWThyscggLQKimVzgxkpcOKEgkc1KmRD1eDqJiR8j28MqsvxX /Axc4UPwZHMgm7RkqVzd7eoul7Xg1mXZr05y6/adu/dO7ncfPHz0+Env9OmF1Y1hOGZaaHNZgkXBFY4ddw Iva4MgS4GTcv2xzU9+oLFcq69uU+NMwlLxBWfgIjXvffaFALNEmrI0pHPP6ffwrZDgVkb6UUh9YSUIQdMz +4a6YmVrYOjfDmsXXu/d8ldpoN15r58Nsm3QQ5DvQJ/sYjQ/7UyKSrNGonJMgLXTPKvdzINxnAkM3aKxGF XWsMRphAok2pnfLh7oy8hUdKFNPMrRLft/hwdp7UaWsbJdyd7MteSx3LRxi/czz1XdOFTsWmjRCOo0bV2k FTfInNhEAMzwOCtlKzDAXPR6T6URKMNR3aOD7pES1shQiINSt5LR7G6h8IppKUFVvpDBF6UWVfuMji3xK/K bxh+Ci+Egzwb5l2H/fLj7lBPynLwgZyQn78g5+URGZEwY+Ul+kz/kb/IhwUQk6ro06ex6npG9SK7+Ae143 MU=</latexit><latexit sha1_base64="P+naC+pD7J5aphTnBDIr byxtCQ0=">AAACvXicbVHLjhMxEHSG1xJeWThyscggLQKimVzgxkpcOKEgkc1KmRD1eDqJiR8j28MqsvxX /Axc4UPwZHMgm7RkqVzd7eoul7Xg1mXZr05y6/adu/dO7ncfPHz0+Env9OmF1Y1hOGZaaHNZgkXBFY4ddw Iva4MgS4GTcv2xzU9+oLFcq69uU+NMwlLxBWfgIjXvffaFALNEmrI0pHPP6ffwrZDgVkb6UUh9YSUIQdMz +4a6YmVrYOjfDmsXXu/d8ldpoN15r58Nsm3QQ5DvQJ/sYjQ/7UyKSrNGonJMgLXTPKvdzINxnAkM3aKxGF XWsMRphAok2pnfLh7oy8hUdKFNPMrRLft/hwdp7UaWsbJdyd7MteSx3LRxi/czz1XdOFTsWmjRCOo0bV2k FTfInNhEAMzwOCtlKzDAXPR6T6URKMNR3aOD7pES1shQiINSt5LR7G6h8IppKUFVvpDBF6UWVfuMji3xK/K bxh+Ci+Egzwb5l2H/fLj7lBPynLwgZyQn78g5+URGZEwY+Ul+kz/kb/IhwUQk6ro06ex6npG9SK7+Ae143 MU=</latexit><latexit sha1_base64="P+naC+pD7J5aphTnBDIr byxtCQ0=">AAACvXicbVHLjhMxEHSG1xJeWThyscggLQKimVzgxkpcOKEgkc1KmRD1eDqJiR8j28MqsvxX /Axc4UPwZHMgm7RkqVzd7eoul7Xg1mXZr05y6/adu/dO7ncfPHz0+Env9OmF1Y1hOGZaaHNZgkXBFY4ddw Iva4MgS4GTcv2xzU9+oLFcq69uU+NMwlLxBWfgIjXvffaFALNEmrI0pHPP6ffwrZDgVkb6UUh9YSUIQdMz +4a6YmVrYOjfDmsXXu/d8ldpoN15r58Nsm3QQ5DvQJ/sYjQ/7UyKSrNGonJMgLXTPKvdzINxnAkM3aKxGF XWsMRphAok2pnfLh7oy8hUdKFNPMrRLft/hwdp7UaWsbJdyd7MteSx3LRxi/czz1XdOFTsWmjRCOo0bV2k FTfInNhEAMzwOCtlKzDAXPR6T6URKMNR3aOD7pES1shQiINSt5LR7G6h8IppKUFVvpDBF6UWVfuMji3xK/K bxh+Ci+Egzwb5l2H/fLj7lBPynLwgZyQn78g5+URGZEwY+Ul+kz/kb/IhwUQk6ro06ex6npG9SK7+Ae143 MU=</latexit>
cPij(s 1, t)
<latexit sha1_base64= "LyTrwyS8mF90ob14mnuP5rENIQ4=">AAACvXicbV HLjhMxEHSG1xJeWThyscggLRIbzeQCN1biwgkFiWx WyoSox9NJTPwY2R5WkeW/4mfgCh+CJ5sD2aQlS+Xq bld3uawFty7LfnWSO3fv3X9w8rD76PGTp896p88vr W4MwzHTQpurEiwKrnDsuBN4VRsEWQqclOuPbX7yA4 3lWn11mxpnEpaKLzgDF6l577MvBJgl0pSlIZ17Tr+H b4UEtzLSj0LqCytBCJqe2WJla2Doz4e1C+d7t/wtd W/SQLvzXj8bZNughyDfgT7ZxWh+2pkUlWaNROWYAG uneVa7mQfjOBMYukVjMQqtYYnTCBVItDO/XTzQ15G p6EKbeJSjW/b/Dg/S2o0sY2W7kr2da8ljuWnjFu9n nqu6cajYjdCiEdRp2rpIK26QObGJAJjhcVbKVmCAu ej1nkojUIajukcH3SMlrJGhEAelbiWj2d1C4TXTUo KqfCGDL0otqvYZHVviV+S3jT8El8NBng3yL8P+xXD 3KSfkJXlFzkhO3pEL8omMyJgw8pP8Jn/I3+RDgolI 1E1p0tn1vCB7kVz/A/wO3Mc=</latexit><latexit sha1_base64= "LyTrwyS8mF90ob14mnuP5rENIQ4=">AAACvXicbV HLjhMxEHSG1xJeWThyscggLRIbzeQCN1biwgkFiWx WyoSox9NJTPwY2R5WkeW/4mfgCh+CJ5sD2aQlS+Xq bld3uawFty7LfnWSO3fv3X9w8rD76PGTp896p88vr W4MwzHTQpurEiwKrnDsuBN4VRsEWQqclOuPbX7yA4 3lWn11mxpnEpaKLzgDF6l577MvBJgl0pSlIZ17Tr+H b4UEtzLSj0LqCytBCJqe2WJla2Doz4e1C+d7t/wtd W/SQLvzXj8bZNughyDfgT7ZxWh+2pkUlWaNROWYAG uneVa7mQfjOBMYukVjMQqtYYnTCBVItDO/XTzQ15G p6EKbeJSjW/b/Dg/S2o0sY2W7kr2da8ljuWnjFu9n nqu6cajYjdCiEdRp2rpIK26QObGJAJjhcVbKVmCAu ej1nkojUIajukcH3SMlrJGhEAelbiWj2d1C4TXTUo KqfCGDL0otqvYZHVviV+S3jT8El8NBng3yL8P+xXD 3KSfkJXlFzkhO3pEL8omMyJgw8pP8Jn/I3+RDgolI 1E1p0tn1vCB7kVz/A/wO3Mc=</latexit><latexit sha1_base64= "LyTrwyS8mF90ob14mnuP5rENIQ4=">AAACvXicbV HLjhMxEHSG1xJeWThyscggLRIbzeQCN1biwgkFiWx WyoSox9NJTPwY2R5WkeW/4mfgCh+CJ5sD2aQlS+Xq bld3uawFty7LfnWSO3fv3X9w8rD76PGTp896p88vr W4MwzHTQpurEiwKrnDsuBN4VRsEWQqclOuPbX7yA4 3lWn11mxpnEpaKLzgDF6l577MvBJgl0pSlIZ17Tr+H b4UEtzLSj0LqCytBCJqe2WJla2Doz4e1C+d7t/wtd W/SQLvzXj8bZNughyDfgT7ZxWh+2pkUlWaNROWYAG uneVa7mQfjOBMYukVjMQqtYYnTCBVItDO/XTzQ15G p6EKbeJSjW/b/Dg/S2o0sY2W7kr2da8ljuWnjFu9n nqu6cajYjdCiEdRp2rpIK26QObGJAJjhcVbKVmCAu ej1nkojUIajukcH3SMlrJGhEAelbiWj2d1C4TXTUo KqfCGDL0otqvYZHVviV+S3jT8El8NBng3yL8P+xXD 3KSfkJXlFzkhO3pEL8omMyJgw8pP8Jn/I3+RDgolI 1E1p0tn1vCB7kVz/A/wO3Mc=</latexit><latexit sha1_base64= "LyTrwyS8mF90ob14mnuP5rENIQ4=">AAACvXicbV HLjhMxEHSG1xJeWThyscggLRIbzeQCN1biwgkFiWx WyoSox9NJTPwY2R5WkeW/4mfgCh+CJ5sD2aQlS+Xq bld3uawFty7LfnWSO3fv3X9w8rD76PGTp896p88vr W4MwzHTQpurEiwKrnDsuBN4VRsEWQqclOuPbX7yA4 3lWn11mxpnEpaKLzgDF6l577MvBJgl0pSlIZ17Tr+H b4UEtzLSj0LqCytBCJqe2WJla2Doz4e1C+d7t/wtd W/SQLvzXj8bZNughyDfgT7ZxWh+2pkUlWaNROWYAG uneVa7mQfjOBMYukVjMQqtYYnTCBVItDO/XTzQ15G p6EKbeJSjW/b/Dg/S2o0sY2W7kr2da8ljuWnjFu9n nqu6cajYjdCiEdRp2rpIK26QObGJAJjhcVbKVmCAu ej1nkojUIajukcH3SMlrJGhEAelbiWj2d1C4TXTUo KqfCGDL0otqvYZHVviV+S3jT8El8NBng3yL8P+xXD 3KSfkJXlFzkhO3pEL8omMyJgw8pP8Jn/I3+RDgolI 1E1p0tn1vCB7kVz/A/wO3Mc=</latexit>
cPij(s+1, t)
<latexit sha1_base64="y0KJ8CmWyVbF8OV+gUqK tU7HLds=">AAACvXicbVHLjhMxEHSG1xJeWThyscggLQKimVzgxkpcOKEgkc1KmRD1eDqJiR8j28MqsvxX /Axc4UPwZHMgm7RkqVzd7eoul7Xg1mXZr05y6/adu/dO7ncfPHz0+Env9OmF1Y1hOGZaaHNZgkXBFY4ddw Iva4MgS4GTcv2xzU9+oLFcq69uU+NMwlLxBWfgIjXvffaFALNEmrI0pHPP6ffwrZDgVkb6UUh9YSUIQdMz W6xsDQz922Htwuu9W/6GuldpoN15r58Nsm3QQ5DvQJ/sYjQ/7UyKSrNGonJMgLXTPKvdzINxnAkM3aKxGI XWsMRphAok2pnfLh7oy8hUdKFNPMrRLft/hwdp7UaWsbJdyd7MteSx3LRxi/czz1XdOFTsWmjRCOo0bV2k FTfInNhEAMzwOCtlKzDAXPR6T6URKMNR3aOD7pES1shQiINSt5LR7G6h8IppKUFVvpDBF6UWVfuMji3xK/K bxh+Ci+Egzwb5l2H/fLj7lBPynLwgZyQn78g5+URGZEwY+Ul+kz/kb/IhwUQk6ro06ex6npG9SK7+AffO3 MU=</latexit><latexit sha1_base64="y0KJ8CmWyVbF8OV+gUqK tU7HLds=">AAACvXicbVHLjhMxEHSG1xJeWThyscggLQKimVzgxkpcOKEgkc1KmRD1eDqJiR8j28MqsvxX /Axc4UPwZHMgm7RkqVzd7eoul7Xg1mXZr05y6/adu/dO7ncfPHz0+Env9OmF1Y1hOGZaaHNZgkXBFY4ddw Iva4MgS4GTcv2xzU9+oLFcq69uU+NMwlLxBWfgIjXvffaFALNEmrI0pHPP6ffwrZDgVkb6UUh9YSUIQdMz W6xsDQz922Htwuu9W/6GuldpoN15r58Nsm3QQ5DvQJ/sYjQ/7UyKSrNGonJMgLXTPKvdzINxnAkM3aKxGI XWsMRphAok2pnfLh7oy8hUdKFNPMrRLft/hwdp7UaWsbJdyd7MteSx3LRxi/czz1XdOFTsWmjRCOo0bV2k FTfInNhEAMzwOCtlKzDAXPR6T6URKMNR3aOD7pES1shQiINSt5LR7G6h8IppKUFVvpDBF6UWVfuMji3xK/K bxh+Ci+Egzwb5l2H/fLj7lBPynLwgZyQn78g5+URGZEwY+Ul+kz/kb/IhwUQk6ro06ex6npG9SK7+AffO3 MU=</latexit><latexit sha1_base64="y0KJ8CmWyVbF8OV+gUqK tU7HLds=">AAACvXicbVHLjhMxEHSG1xJeWThyscggLQKimVzgxkpcOKEgkc1KmRD1eDqJiR8j28MqsvxX /Axc4UPwZHMgm7RkqVzd7eoul7Xg1mXZr05y6/adu/dO7ncfPHz0+Env9OmF1Y1hOGZaaHNZgkXBFY4ddw Iva4MgS4GTcv2xzU9+oLFcq69uU+NMwlLxBWfgIjXvffaFALNEmrI0pHPP6ffwrZDgVkb6UUh9YSUIQdMz W6xsDQz922Htwuu9W/6GuldpoN15r58Nsm3QQ5DvQJ/sYjQ/7UyKSrNGonJMgLXTPKvdzINxnAkM3aKxGI XWsMRphAok2pnfLh7oy8hUdKFNPMrRLft/hwdp7UaWsbJdyd7MteSx3LRxi/czz1XdOFTsWmjRCOo0bV2k FTfInNhEAMzwOCtlKzDAXPR6T6URKMNR3aOD7pES1shQiINSt5LR7G6h8IppKUFVvpDBF6UWVfuMji3xK/K bxh+Ci+Egzwb5l2H/fLj7lBPynLwgZyQn78g5+URGZEwY+Ul+kz/kb/IhwUQk6ro06ex6npG9SK7+AffO3 MU=</latexit><latexit sha1_base64="y0KJ8CmWyVbF8OV+gUqK tU7HLds=">AAACvXicbVHLjhMxEHSG1xJeWThyscggLQKimVzgxkpcOKEgkc1KmRD1eDqJiR8j28MqsvxX /Axc4UPwZHMgm7RkqVzd7eoul7Xg1mXZr05y6/adu/dO7ncfPHz0+Env9OmF1Y1hOGZaaHNZgkXBFY4ddw Iva4MgS4GTcv2xzU9+oLFcq69uU+NMwlLxBWfgIjXvffaFALNEmrI0pHPP6ffwrZDgVkb6UUh9YSUIQdMz W6xsDQz922Htwuu9W/6GuldpoN15r58Nsm3QQ5DvQJ/sYjQ/7UyKSrNGonJMgLXTPKvdzINxnAkM3aKxGI XWsMRphAok2pnfLh7oy8hUdKFNPMrRLft/hwdp7UaWsbJdyd7MteSx3LRxi/czz1XdOFTsWmjRCOo0bV2k FTfInNhEAMzwOCtlKzDAXPR6T6URKMNR3aOD7pES1shQiINSt5LR7G6h8IppKUFVvpDBF6UWVfuMji3xK/K bxh+Ci+Egzwb5l2H/fLj7lBPynLwgZyQn78g5+URGZEwY+Ul+kz/kb/IhwUQk6ro06ex6npG9SK7+AffO3 MU=</latexit>
cPij(s, t)
<latexit sha1_base64="T5qcRaDydXhlle3Uxj8o tCrAQhg=">AAACoXicbVHLahsxFJWnr9R9xGmX3Yh6CikUM+NNsgxkk+7cEMcBj2vuaK5t1XoMkqbBiPmP fE237S/kb6JxvKhjXxAczn2cq3PzUnDrkuS+FT17/uLlq4PX7Tdv370/7Bx9uLa6MgyHTAttbnKwKLjCoe NO4E1pEGQucJQvz5v86Dcay7W6cqsSJxLmis84AxeoaafvMwFmjjRmcR1PPae/6p+ZBLcw0g/q2GdWghA0 PrbfqPsa17Q97XSTXrIOugvSDeiSTQymR61RVmhWSVSOCbB2nCalm3gwjjOBdTurLJbAljDHcYAKJNqJX3 +upl8CU9CZNuEpR9fs/x0epLUrmYfKZm37NNeQ+3Ljys1OJ56rsnKo2KPQrBLUado4RQtukDmxCgCY4WFX yhZggLng55ZKJVDWe3X3LrpFSlgiQyF2St1CBrPbmcJbpqUEVfhM1j7LtSiaMTq0hFOkT43fBdf9Xpr00h/ 97ll/c5QD8ol8JsckJSfkjFyQARkSRu7IH/KX/Iu60fdoEF0+lkatTc9HshXR+AH3YNE7</latexit><latexit sha1_base64="T5qcRaDydXhlle3Uxj8o tCrAQhg=">AAACoXicbVHLahsxFJWnr9R9xGmX3Yh6CikUM+NNsgxkk+7cEMcBj2vuaK5t1XoMkqbBiPmP fE237S/kb6JxvKhjXxAczn2cq3PzUnDrkuS+FT17/uLlq4PX7Tdv370/7Bx9uLa6MgyHTAttbnKwKLjCoe NO4E1pEGQucJQvz5v86Dcay7W6cqsSJxLmis84AxeoaafvMwFmjjRmcR1PPae/6p+ZBLcw0g/q2GdWghA0 PrbfqPsa17Q97XSTXrIOugvSDeiSTQymR61RVmhWSVSOCbB2nCalm3gwjjOBdTurLJbAljDHcYAKJNqJX3 +upl8CU9CZNuEpR9fs/x0epLUrmYfKZm37NNeQ+3Ljys1OJ56rsnKo2KPQrBLUado4RQtukDmxCgCY4WFX yhZggLng55ZKJVDWe3X3LrpFSlgiQyF2St1CBrPbmcJbpqUEVfhM1j7LtSiaMTq0hFOkT43fBdf9Xpr00h/ 97ll/c5QD8ol8JsckJSfkjFyQARkSRu7IH/KX/Iu60fdoEF0+lkatTc9HshXR+AH3YNE7</latexit><latexit sha1_base64="T5qcRaDydXhlle3Uxj8o tCrAQhg=">AAACoXicbVHLahsxFJWnr9R9xGmX3Yh6CikUM+NNsgxkk+7cEMcBj2vuaK5t1XoMkqbBiPmP fE237S/kb6JxvKhjXxAczn2cq3PzUnDrkuS+FT17/uLlq4PX7Tdv370/7Bx9uLa6MgyHTAttbnKwKLjCoe NO4E1pEGQucJQvz5v86Dcay7W6cqsSJxLmis84AxeoaafvMwFmjjRmcR1PPae/6p+ZBLcw0g/q2GdWghA0 PrbfqPsa17Q97XSTXrIOugvSDeiSTQymR61RVmhWSVSOCbB2nCalm3gwjjOBdTurLJbAljDHcYAKJNqJX3 +upl8CU9CZNuEpR9fs/x0epLUrmYfKZm37NNeQ+3Ljys1OJ56rsnKo2KPQrBLUado4RQtukDmxCgCY4WFX yhZggLng55ZKJVDWe3X3LrpFSlgiQyF2St1CBrPbmcJbpqUEVfhM1j7LtSiaMTq0hFOkT43fBdf9Xpr00h/ 97ll/c5QD8ol8JsckJSfkjFyQARkSRu7IH/KX/Iu60fdoEF0+lkatTc9HshXR+AH3YNE7</latexit><latexit sha1_base64="T5qcRaDydXhlle3Uxj8o tCrAQhg=">AAACoXicbVHLahsxFJWnr9R9xGmX3Yh6CikUM+NNsgxkk+7cEMcBj2vuaK5t1XoMkqbBiPmP fE237S/kb6JxvKhjXxAczn2cq3PzUnDrkuS+FT17/uLlq4PX7Tdv370/7Bx9uLa6MgyHTAttbnKwKLjCoe NO4E1pEGQucJQvz5v86Dcay7W6cqsSJxLmis84AxeoaafvMwFmjjRmcR1PPae/6p+ZBLcw0g/q2GdWghA0 PrbfqPsa17Q97XSTXrIOugvSDeiSTQymR61RVmhWSVSOCbB2nCalm3gwjjOBdTurLJbAljDHcYAKJNqJX3 +upl8CU9CZNuEpR9fs/x0epLUrmYfKZm37NNeQ+3Ljys1OJ56rsnKo2KPQrBLUado4RQtukDmxCgCY4WFX yhZggLng55ZKJVDWe3X3LrpFSlgiQyF2St1CBrPbmcJbpqUEVfhM1j7LtSiaMTq0hFOkT43fBdf9Xpr00h/ 97ll/c5QD8ol8JsckJSfkjFyQARkSRu7IH/KX/Iu60fdoEF0+lkatTc9HshXR+AH3YNE7</latexit>
cPij(1, t+1)
<latexit sha1_base64= "oRRtQQvWX2xRQezchn456NqdTOk=">AAACvXicbV HLbhMxFHWGR8vwSmHJxiKDVAREM9mUHZXYsEJBIk2 lOEQez01i4sfI9lBFlv+Kn4Et/ZB60ixIkytZOj73 ce6jrAW3Ls//dJJ79x88PDp+lD5+8vTZ8+7JiwurG 8NgxLTQ5rKkFgRXMHLcCbisDVBZChiXq8+tf/wLjO VafXfrGqaSLhSfc0ZdpGbdr54IahaAM5aFbOY5/hl+ EEnd0kg/DJknVlIhcHZavMeOLG1NGfgPg9qFdzu/4 m0W0nTW7eX9fGN4HxRb0ENbG85OOmNSadZIUI4Jau 2kyGs39dQ4zgSElDQWosqKLmASoaIS7NRvBg/4TWQ qPNcmPuXwhv0/w1Np7VqWMbIdyd71teQh36Rx849T z1XdOFDsVmjeCOw0breIK26AObGOgDLDY6+YLamhz MVd76g0AmQ4qHuw0R1S0hUwEGIv1C1lwGlKFFwxLS VVlScyeFJqUbVldEyJpyjuLn4fXAz6Rd4vvg1654P tUY7RK/QanaICnaFz9AUN0Qgx9Bv9Rf/QdfIpgUQk 6jY06WxzXqIdS65uADCq3G0=</latexit><latexit sha1_base64= "oRRtQQvWX2xRQezchn456NqdTOk=">AAACvXicbV HLbhMxFHWGR8vwSmHJxiKDVAREM9mUHZXYsEJBIk2 lOEQez01i4sfI9lBFlv+Kn4Et/ZB60ixIkytZOj73 ce6jrAW3Ls//dJJ79x88PDp+lD5+8vTZ8+7JiwurG 8NgxLTQ5rKkFgRXMHLcCbisDVBZChiXq8+tf/wLjO VafXfrGqaSLhSfc0ZdpGbdr54IahaAM5aFbOY5/hl+ EEnd0kg/DJknVlIhcHZavMeOLG1NGfgPg9qFdzu/4 m0W0nTW7eX9fGN4HxRb0ENbG85OOmNSadZIUI4Jau 2kyGs39dQ4zgSElDQWosqKLmASoaIS7NRvBg/4TWQ qPNcmPuXwhv0/w1Np7VqWMbIdyd71teQh36Rx849T z1XdOFDsVmjeCOw0breIK26AObGOgDLDY6+YLamhz MVd76g0AmQ4qHuw0R1S0hUwEGIv1C1lwGlKFFwxLS VVlScyeFJqUbVldEyJpyjuLn4fXAz6Rd4vvg1654P tUY7RK/QanaICnaFz9AUN0Qgx9Bv9Rf/QdfIpgUQk 6jY06WxzXqIdS65uADCq3G0=</latexit><latexit sha1_base64= "oRRtQQvWX2xRQezchn456NqdTOk=">AAACvXicbV HLbhMxFHWGR8vwSmHJxiKDVAREM9mUHZXYsEJBIk2 lOEQez01i4sfI9lBFlv+Kn4Et/ZB60ixIkytZOj73 ce6jrAW3Ls//dJJ79x88PDp+lD5+8vTZ8+7JiwurG 8NgxLTQ5rKkFgRXMHLcCbisDVBZChiXq8+tf/wLjO VafXfrGqaSLhSfc0ZdpGbdr54IahaAM5aFbOY5/hl+ EEnd0kg/DJknVlIhcHZavMeOLG1NGfgPg9qFdzu/4 m0W0nTW7eX9fGN4HxRb0ENbG85OOmNSadZIUI4Jau 2kyGs39dQ4zgSElDQWosqKLmASoaIS7NRvBg/4TWQ qPNcmPuXwhv0/w1Np7VqWMbIdyd71teQh36Rx849T z1XdOFDsVmjeCOw0breIK26AObGOgDLDY6+YLamhz MVd76g0AmQ4qHuw0R1S0hUwEGIv1C1lwGlKFFwxLS VVlScyeFJqUbVldEyJpyjuLn4fXAz6Rd4vvg1654P tUY7RK/QanaICnaFz9AUN0Qgx9Bv9Rf/QdfIpgUQk 6jY06WxzXqIdS65uADCq3G0=</latexit><latexit sha1_base64= "oRRtQQvWX2xRQezchn456NqdTOk=">AAACvXicbV HLbhMxFHWGR8vwSmHJxiKDVAREM9mUHZXYsEJBIk2 lOEQez01i4sfI9lBFlv+Kn4Et/ZB60ixIkytZOj73 ce6jrAW3Ls//dJJ79x88PDp+lD5+8vTZ8+7JiwurG 8NgxLTQ5rKkFgRXMHLcCbisDVBZChiXq8+tf/wLjO VafXfrGqaSLhSfc0ZdpGbdr54IahaAM5aFbOY5/hl+ EEnd0kg/DJknVlIhcHZavMeOLG1NGfgPg9qFdzu/4 m0W0nTW7eX9fGN4HxRb0ENbG85OOmNSadZIUI4Jau 2kyGs39dQ4zgSElDQWosqKLmASoaIS7NRvBg/4TWQ qPNcmPuXwhv0/w1Np7VqWMbIdyd71teQh36Rx849T z1XdOFDsVmjeCOw0breIK26AObGOgDLDY6+YLamhz MVd76g0AmQ4qHuw0R1S0hUwEGIv1C1lwGlKFFwxLS VVlScyeFJqUbVldEyJpyjuLn4fXAz6Rd4vvg1654P tUY7RK/QanaICnaFz9AUN0Qgx9Bv9Rf/QdfIpgUQk 6jY06WxzXqIdS65uADCq3G0=</latexit>
cPij(sLij , t+1)
<latexit sha1_base64="BWaIXsE7Jsrbh45UOIHo 1otPX4U=">AAACxnicbVFNbxMxEHWWrxI+msKRi0UWqQiIdnOhx0pceuAQJNJUisPK650kJv5Y2d5WkWWJ P8YP4cwV/gPeNAfSZCRLz29m/MZvylpw67LsVye5d//Bw0dHj7tPnj57ftw7eXFpdWMYjJkW2lyV1ILgCs aOOwFXtQEqSwGTcvWpzU+uwViu1Ve3rmEm6ULxOWfURaroTTwR1CwApywNaeH59/CNSOqWRvpRSD2xkgqB 01Nb+M+bdHiPHVnamjLwH4a1C+92bvnbNOBut+j1s0G2CbwP8i3oo22MipPOhFSaNRKUY4JaO82z2s08NY 4zAaFLGgtRZkUXMI1QUQl25jcOBPwmMhWeaxOPcnjD/t/hqbR2LctY2X7O3s215KHctHHzs5nnqm4cKHYr NG8Edhq3duKKG2BOrCOgzPA4K2ZLaihz0fQdlUaADAd1Dw66Q0q6AgZC7JW6pWzdJgpumJaSqsoTGTwptaj aZ3RsiavI7xq/Dy6Hgzwb5F+G/fPhdilH6BV6jU5Rjj6ic3SBRmiMGPqJfqM/6G9ykaikSW5uS5POtucl2 onkxz8IaODW</latexit><latexit sha1_base64="BWaIXsE7Jsrbh45UOIHo 1otPX4U=">AAACxnicbVFNbxMxEHWWrxI+msKRi0UWqQiIdnOhx0pceuAQJNJUisPK650kJv5Y2d5WkWWJ P8YP4cwV/gPeNAfSZCRLz29m/MZvylpw67LsVye5d//Bw0dHj7tPnj57ftw7eXFpdWMYjJkW2lyV1ILgCs aOOwFXtQEqSwGTcvWpzU+uwViu1Ve3rmEm6ULxOWfURaroTTwR1CwApywNaeH59/CNSOqWRvpRSD2xkgqB 01Nb+M+bdHiPHVnamjLwH4a1C+92bvnbNOBut+j1s0G2CbwP8i3oo22MipPOhFSaNRKUY4JaO82z2s08NY 4zAaFLGgtRZkUXMI1QUQl25jcOBPwmMhWeaxOPcnjD/t/hqbR2LctY2X7O3s215KHctHHzs5nnqm4cKHYr NG8Edhq3duKKG2BOrCOgzPA4K2ZLaihz0fQdlUaADAd1Dw66Q0q6AgZC7JW6pWzdJgpumJaSqsoTGTwptaj aZ3RsiavI7xq/Dy6Hgzwb5F+G/fPhdilH6BV6jU5Rjj6ic3SBRmiMGPqJfqM/6G9ykaikSW5uS5POtucl2 onkxz8IaODW</latexit><latexit sha1_base64="BWaIXsE7Jsrbh45UOIHo 1otPX4U=">AAACxnicbVFNbxMxEHWWrxI+msKRi0UWqQiIdnOhx0pceuAQJNJUisPK650kJv5Y2d5WkWWJ P8YP4cwV/gPeNAfSZCRLz29m/MZvylpw67LsVye5d//Bw0dHj7tPnj57ftw7eXFpdWMYjJkW2lyV1ILgCs aOOwFXtQEqSwGTcvWpzU+uwViu1Ve3rmEm6ULxOWfURaroTTwR1CwApywNaeH59/CNSOqWRvpRSD2xkgqB 01Nb+M+bdHiPHVnamjLwH4a1C+92bvnbNOBut+j1s0G2CbwP8i3oo22MipPOhFSaNRKUY4JaO82z2s08NY 4zAaFLGgtRZkUXMI1QUQl25jcOBPwmMhWeaxOPcnjD/t/hqbR2LctY2X7O3s215KHctHHzs5nnqm4cKHYr NG8Edhq3duKKG2BOrCOgzPA4K2ZLaihz0fQdlUaADAd1Dw66Q0q6AgZC7JW6pWzdJgpumJaSqsoTGTwptaj aZ3RsiavI7xq/Dy6Hgzwb5F+G/fPhdilH6BV6jU5Rjj6ic3SBRmiMGPqJfqM/6G9ykaikSW5uS5POtucl2 onkxz8IaODW</latexit><latexit sha1_base64="BWaIXsE7Jsrbh45UOIHo 1otPX4U=">AAACxnicbVFNbxMxEHWWrxI+msKRi0UWqQiIdnOhx0pceuAQJNJUisPK650kJv5Y2d5WkWWJ P8YP4cwV/gPeNAfSZCRLz29m/MZvylpw67LsVye5d//Bw0dHj7tPnj57ftw7eXFpdWMYjJkW2lyV1ILgCs aOOwFXtQEqSwGTcvWpzU+uwViu1Ve3rmEm6ULxOWfURaroTTwR1CwApywNaeH59/CNSOqWRvpRSD2xkgqB 01Nb+M+bdHiPHVnamjLwH4a1C+92bvnbNOBut+j1s0G2CbwP8i3oo22MipPOhFSaNRKUY4JaO82z2s08NY 4zAaFLGgtRZkUXMI1QUQl25jcOBPwmMhWeaxOPcnjD/t/hqbR2LctY2X7O3s215KHctHHzs5nnqm4cKHYr NG8Edhq3duKKG2BOrCOgzPA4K2ZLaihz0fQdlUaADAd1Dw66Q0q6AgZC7JW6pWzdJgpumJaSqsoTGTwptaj aZ3RsiavI7xq/Dy6Hgzwb5F+G/fPhdilH6BV6jU5Rjj6ic3SBRmiMGPqJfqM/6G9ykaikSW5uS5POtucl2 onkxz8IaODW</latexit>
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Fig. 1: Time-space discretization of Pipe ij based on the L-W scheme.
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where ENM represents a connectivity matrix from nodes (N) to pumps (M), and it lumps connectivity submatrices E
M
J , E
M
R ,
and EMTK from junctions, reservoirs, and tanks to pumps. Moreover, E
M
J
>
= EJM, and the other symbols in (2) have similar
meaning. Similarly, we define the connectivity matrix from booster stations to nodes as
EBN =
Booster
Junction EbJ O O }EBJ
Reservoir O EbR O }EBR
Tank O O EbTK }EBTK
(3)
Note that (i) boosters only installed at nodes (junctions, reservoirs, and tanks), (ii) EbJ , E
b
R, and E
b
TK are squared and
diagonal submatrices composing of only 0 and 1, and it describes if a booster is installed or not at a specific location, (iii) the
summation of each row or column in each submatrix should be no larger than 1 to ensure each component only has at most
one booster installed, (iv) the number of boosters at each component is nbJ = Tr (EbJ ), nbR = Tr (E
b
R), nbTK = Tr (E
b
TK),
and the total number of boosters is nB = Tr (EBN) = nbJ + nbR + nbTK.
All symbols and vector notations are defined in Tab. I. The quantity c represents disinfectant concentration, and cP(x, t) is
the solute concentration in a pipe at location x and time t. The superscript represents the quantity for specific components,
i.e., vector cJ collects concentrations at all junctions, and vector qP stands for the flow rates in all pipes.
Next, we present the high-level objective of Sections II and III, that is, obtaining a model: x(t+ ∆t) = f(x(t),u(t),p(t))
where x(t) includes all concentrations for all points in the network, u(t) is booster station control action (chlorine dosage),
p(t) are the time-dependent parameters (such as flow rates, velocities); vector valued function f(·) mapping the dynamics in
time and space has linear and nonlinear components depending on the reaction model. We remind readers that water quality
modeling of one component might depend on water quality modeling of another, and we would like to discuss this further at
the end of Section II. After presenting water quality modeling of components as difference equations, in Section III we lump
them into state-space formulation akin to (1).
A. Conservation of mass
The water quality modeling represents the movement of all chemical and/or microbial species (contaminant, disinfectants,
DBPs, metals, etc.) within a WDN as they traverse various components of the network. This movement or time-evolution is
based on three principles: (i) mass balance in pipes, which is represented by solute transport in differential pipe lengths by
advection in addition to its decay/growth due to reactions; (ii) mass balance at junctions, which is represented by complete
and instantaneous mixing of all in-flows; and (iii) mass balance in tanks, which is represented by a continuously stirred tank
reactors (CSTRs) model with complete and instantaneous mixing and growth/decay reactions. Note that simulation software
package EPAENT is also built on these three basic principles, which allows our method to be directly compared with it. The
modeling of each component is introduced next.
1) Solute transport and reaction in pipes: The water quality modeling for pipes involves modeling the solute transport
and reaction by the 1-D advection-reaction (A-R) equation. For any Pipe ij, where i and j are indices of its upstream and
downstream nodes, and the 1-D A-R equation is given by a PDE as
Solute-Pipes: ∂tcP = −vij(t)∂xcP + rPij(cP), (4)
5Tab. I: Vector Notation of Water Quality Modeling.
Symbol Description Dimension
qP, qM, qV Flow rates in pipes, pumps, valves RnP , RnM , RnV
qL q
L , {qP, qM, qV}
collects flows in all links R
nQ
qD Demand (leaving junctions) RnJ
qBJ , q
B
R, q
B
TK
Booster flow rates injected to
junctions, reservoirs, and tanks R
nJ , RnR , RnTK
qB q
B , {qBJ , qBR, qBTK} collects
booster flows rates injected to all nodes R
nN
cJ, cTK, cR Concentrations at junctions,reservoirs, and tanks R
nJ , RnR , RnTK
cN c
N , {cJ, cR, cTK}
collects concentrations at all nodes R
nN
cP, cM, cV Concentrations in pipes, pumps, valves RnS , RnM , RnV
cL c
L , {cP, cM, cV}
collects concentrations in all links R
nL
cBJ , c
B
R, c
B
TK
Booster concentrations injected to
junctions, reservoirs, and tanks R
nJ , RnR , RnTK
cB c
B , {cBJ , cBR, cBTK} collects
booster concentrations at all nodes R
nN
V B V
B , {V BJ ,V BR ,V BTK} collects
booster volumes injected to all nodes R
nN
V TK Volumes at all tanks RnTK
rP, rTK Reaction rate for pipes, tanks RnP , RnTK
kb, kw Bulk and wall reaction rate constant —
∗ Flow rate is in GPM; concentration is in mg/L; reaction rates are
in mg · L−1 · h−1; volumes of tanks are in ft3.
where vij(t) is flow velocity, that equals flow rate qij(t) divided by its cross-sectional area; and rPij(c
P) = kPij(c
P)n is the
n-th order solute reaction rate, and kPij is the rate constant.
Here, the Lax-Wendroff (L-W) scheme [29] shown in Fig. 1 is used to solve (4)–this model has been used and accepted
in [30]–[32]. Pipe ij with length Lij is split into sLij segments and the discretized form of any segment except the first and
last one is given by (7) in Tab. II, and the coefficients for previous, current, and next segment are
αij(t) = 0.5αij(t) (1 + α˜ij(t)) , (5a)
αij(t) = 1− α˜2ij(t), (5b)
αij(t) = −0.5αij(t) (1− α˜ij(t)) , (5c)
where α˜ij(t) = vij(t)∆t(∆xij)−1, and ∆t and ∆xij are the time-step and the space-discretization step in Fig. 1. The stability
condition of L-W scheme is α˜ij(t) ∈ (0, 1]. Hence, the water quality time-step is constrained by ∆t ≤ ∆xij/|vij(t)|.
Remark 1. To make the space discretization in L-W scheme stable and accurate, we calculate ∆tij = ∆xij/|vij(t)|, ∀ij ∈ P ,
and find the minimum value as the final ∆t, that is, ∆t = min(∆tij).
The first segment cPij(1, t+ ∆t) and last segment c
P
ij(sLij , t+ ∆t), which are the special cases of (7), can be written as
cPij(1, t+ ∆t) = αij(t)c
J
i (t) + αij(t)c
P
ij(1, t) + αij(t)c
P
ij(2, t) + r
P
ij(c
P
ij(1, t)), (6a)
6cP23(2, t)
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<latexit sha1_base64="g/U8z0jFCJ/Nw6Gm EwI5J+E/uVk=">AAACoHicbVHLahsxFJUnfaRu2jrpshsRTyCFYmbcRbsMdJNdHajjUI9r7miub WE9BknTYsR8R74m2+Qb+jfVOF7UsS8IDuc+ztW5eSm4dUnytxUdPHv+4uXhq/brozdv33WOT66 trgzDIdNCm5scLAqucOi4E3hTGgSZCxzly29NfvQbjeVa/XCrEicS5orPOAMXqGkn9ZkAM0cas7 iOp77/uf6VSXALI/2gjn1mJQhB4/P0E3Uf45q2p51u0kvWQXdBugFdsonB9Lg1ygrNKonKMQHWj tOkdBMPxnEmsG5nlcUS2BLmOA5QgUQ78eu/1fQsMAWdaROecnTN/t/hQVq7knmobNa2T3MNuS8 3rtzs68RzVVYOFXsUmlWCOk0bo2jBDTInVgEAMzzsStkCDDAX7NxSqQTKeq/u3kW3SAlLZCjETq lbyGB2O1P4h2kpQRU+k7XPci2KZowOLeEU6VPjd8F1v5cmvfSq373ob45ySD6QU3JOUvKFXJBLM iBDwsgtuSP35CE6jS6j79HVY2nU2vS8J1sR/fwHD5DQYQ==</latexit><latexit sha1_base64="g/U8z0jFCJ/Nw6Gm EwI5J+E/uVk=">AAACoHicbVHLahsxFJUnfaRu2jrpshsRTyCFYmbcRbsMdJNdHajjUI9r7miub WE9BknTYsR8R74m2+Qb+jfVOF7UsS8IDuc+ztW5eSm4dUnytxUdPHv+4uXhq/brozdv33WOT66 trgzDIdNCm5scLAqucOi4E3hTGgSZCxzly29NfvQbjeVa/XCrEicS5orPOAMXqGkn9ZkAM0cas7 iOp77/uf6VSXALI/2gjn1mJQhB4/P0E3Uf45q2p51u0kvWQXdBugFdsonB9Lg1ygrNKonKMQHWj tOkdBMPxnEmsG5nlcUS2BLmOA5QgUQ78eu/1fQsMAWdaROecnTN/t/hQVq7knmobNa2T3MNuS8 3rtzs68RzVVYOFXsUmlWCOk0bo2jBDTInVgEAMzzsStkCDDAX7NxSqQTKeq/u3kW3SAlLZCjETq lbyGB2O1P4h2kpQRU+k7XPci2KZowOLeEU6VPjd8F1v5cmvfSq373ob45ySD6QU3JOUvKFXJBLM iBDwsgtuSP35CE6jS6j79HVY2nU2vS8J1sR/fwHD5DQYQ==</latexit><latexit sha1_base64="g/U8z0jFCJ/Nw6Gm EwI5J+E/uVk=">AAACoHicbVHLahsxFJUnfaRu2jrpshsRTyCFYmbcRbsMdJNdHajjUI9r7miub WE9BknTYsR8R74m2+Qb+jfVOF7UsS8IDuc+ztW5eSm4dUnytxUdPHv+4uXhq/brozdv33WOT66 trgzDIdNCm5scLAqucOi4E3hTGgSZCxzly29NfvQbjeVa/XCrEicS5orPOAMXqGkn9ZkAM0cas7 iOp77/uf6VSXALI/2gjn1mJQhB4/P0E3Uf45q2p51u0kvWQXdBugFdsonB9Lg1ygrNKonKMQHWj tOkdBMPxnEmsG5nlcUS2BLmOA5QgUQ78eu/1fQsMAWdaROecnTN/t/hQVq7knmobNa2T3MNuS8 3rtzs68RzVVYOFXsUmlWCOk0bo2jBDTInVgEAMzzsStkCDDAX7NxSqQTKeq/u3kW3SAlLZCjETq lbyGB2O1P4h2kpQRU+k7XPci2KZowOLeEU6VPjd8F1v5cmvfSq373ob45ySD6QU3JOUvKFXJBLM iBDwsgtuSP35CE6jS6j79HVY2nU2vS8J1sR/fwHD5DQYQ==</latexit><latexit sha1_base64="g/U8z0jFCJ/Nw6Gm EwI5J+E/uVk=">AAACoHicbVHLahsxFJUnfaRu2jrpshsRTyCFYmbcRbsMdJNdHajjUI9r7miub WE9BknTYsR8R74m2+Qb+jfVOF7UsS8IDuc+ztW5eSm4dUnytxUdPHv+4uXhq/brozdv33WOT66 trgzDIdNCm5scLAqucOi4E3hTGgSZCxzly29NfvQbjeVa/XCrEicS5orPOAMXqGkn9ZkAM0cas7 iOp77/uf6VSXALI/2gjn1mJQhB4/P0E3Uf45q2p51u0kvWQXdBugFdsonB9Lg1ygrNKonKMQHWj tOkdBMPxnEmsG5nlcUS2BLmOA5QgUQ78eu/1fQsMAWdaROecnTN/t/hQVq7knmobNa2T3MNuS8 3rtzs68RzVVYOFXsUmlWCOk0bo2jBDTInVgEAMzzsStkCDDAX7NxSqQTKeq/u3kW3SAlLZCjETq lbyGB2O1P4h2kpQRU+k7XPci2KZowOLeEU6VPjd8F1v5cmvfSq373ob45ySD6QU3JOUvKFXJBLM iBDwsgtuSP35CE6jS6j79HVY2nU2vS8J1sR/fwHD5DQYQ==</latexit>
cP23(3, t)
<latexit sha1_base64="SnO99qtPHFNsO2lj kikwsBnqbGk=">AAACoHicbVHLahsxFJWnr9R9xGmX3Yh4CikUM+Ms2mUgm+zqQB2HelxzR3NtC +sxSJoGI+Y78jXZJt/Qv6nG8aKOfUFwOPdxrs7NS8GtS5K/rejZ8xcvXx28br95++79Yefow5X VlWE4ZFpoc52DRcEVDh13Aq9LgyBzgaN8ed7kR3/QWK7VT7cqcSJhrviMM3CBmnZSnwkwc6Qxi+ t46vun9e9MglsY6Qd17DMrQQgan5x+pe5LXNP2tNNNesk66C5IN6BLNjGYHrVGWaFZJVE5JsDac ZqUbuLBOM4E1u2sslgCW8IcxwEqkGgnfv23mn4OTEFn2oSnHF2z/3d4kNauZB4qm7Xt01xD7su NKzf7PvFclZVDxR6FZpWgTtPGKFpwg8yJVQDADA+7UrYAA8wFO7dUKoGy3qu7d9EtUsISGQqxU+ oWMpjdzhTeMC0lqMJnsvZZrkXRjNGhJZwifWr8Lrjq99Kkl172u2f9zVEOyCdyTE5ISr6RM3JBB mRIGLkld+SePETH0UX0I7p8LI1am56PZCuiX/8AE7TQYw==</latexit><latexit sha1_base64="SnO99qtPHFNsO2lj kikwsBnqbGk=">AAACoHicbVHLahsxFJWnr9R9xGmX3Yh4CikUM+Ms2mUgm+zqQB2HelxzR3NtC +sxSJoGI+Y78jXZJt/Qv6nG8aKOfUFwOPdxrs7NS8GtS5K/rejZ8xcvXx28br95++79Yefow5X VlWE4ZFpoc52DRcEVDh13Aq9LgyBzgaN8ed7kR3/QWK7VT7cqcSJhrviMM3CBmnZSnwkwc6Qxi+ t46vun9e9MglsY6Qd17DMrQQgan5x+pe5LXNP2tNNNesk66C5IN6BLNjGYHrVGWaFZJVE5JsDac ZqUbuLBOM4E1u2sslgCW8IcxwEqkGgnfv23mn4OTEFn2oSnHF2z/3d4kNauZB4qm7Xt01xD7su NKzf7PvFclZVDxR6FZpWgTtPGKFpwg8yJVQDADA+7UrYAA8wFO7dUKoGy3qu7d9EtUsISGQqxU+ oWMpjdzhTeMC0lqMJnsvZZrkXRjNGhJZwifWr8Lrjq99Kkl172u2f9zVEOyCdyTE5ISr6RM3JBB mRIGLkld+SePETH0UX0I7p8LI1am56PZCuiX/8AE7TQYw==</latexit><latexit sha1_base64="SnO99qtPHFNsO2lj kikwsBnqbGk=">AAACoHicbVHLahsxFJWnr9R9xGmX3Yh4CikUM+Ms2mUgm+zqQB2HelxzR3NtC +sxSJoGI+Y78jXZJt/Qv6nG8aKOfUFwOPdxrs7NS8GtS5K/rejZ8xcvXx28br95++79Yefow5X VlWE4ZFpoc52DRcEVDh13Aq9LgyBzgaN8ed7kR3/QWK7VT7cqcSJhrviMM3CBmnZSnwkwc6Qxi+ t46vun9e9MglsY6Qd17DMrQQgan5x+pe5LXNP2tNNNesk66C5IN6BLNjGYHrVGWaFZJVE5JsDac ZqUbuLBOM4E1u2sslgCW8IcxwEqkGgnfv23mn4OTEFn2oSnHF2z/3d4kNauZB4qm7Xt01xD7su NKzf7PvFclZVDxR6FZpWgTtPGKFpwg8yJVQDADA+7UrYAA8wFO7dUKoGy3qu7d9EtUsISGQqxU+ oWMpjdzhTeMC0lqMJnsvZZrkXRjNGhJZwifWr8Lrjq99Kkl172u2f9zVEOyCdyTE5ISr6RM3JBB mRIGLkld+SePETH0UX0I7p8LI1am56PZCuiX/8AE7TQYw==</latexit><latexit sha1_base64="SnO99qtPHFNsO2lj kikwsBnqbGk=">AAACoHicbVHLahsxFJWnr9R9xGmX3Yh4CikUM+Ms2mUgm+zqQB2HelxzR3NtC +sxSJoGI+Y78jXZJt/Qv6nG8aKOfUFwOPdxrs7NS8GtS5K/rejZ8xcvXx28br95++79Yefow5X VlWE4ZFpoc52DRcEVDh13Aq9LgyBzgaN8ed7kR3/QWK7VT7cqcSJhrviMM3CBmnZSnwkwc6Qxi+ t46vun9e9MglsY6Qd17DMrQQgan5x+pe5LXNP2tNNNesk66C5IN6BLNjGYHrVGWaFZJVE5JsDac ZqUbuLBOM4E1u2sslgCW8IcxwEqkGgnfv23mn4OTEFn2oSnHF2z/3d4kNauZB4qm7Xt01xD7su NKzf7PvFclZVDxR6FZpWgTtPGKFpwg8yJVQDADA+7UrYAA8wFO7dUKoGy3qu7d9EtUsISGQqxU+ oWMpjdzhTeMC0lqMJnsvZZrkXRjNGhJZwifWr8Lrjq99Kkl172u2f9zVEOyCdyTE5ISr6RM3JBB mRIGLkld+SePETH0UX0I7p8LI1am56PZCuiX/8AE7TQYw==</latexit>
J2
<latexit sha1_base6 4="7DJv79hg5VWUcMEdd9bJBLWYFQo=">AAACe XicbVFNSyNBEK2MrsbZ9XOPe2kNC+IhzMSDXp YVvCyesmCMkAnS01MxTfpj6O7ZJQwD/gqv+i/ 8LftbvGxP4sGYFDQ83quq96hOc8Gti6J/jWBt/ dPGZnMr/Pxle2d3b//gxurCMOwxLbS5TalFwR X2HHcCb3ODVKYC++nkstb7f9BYrtW1m+Y4lPR e8RFn1HkqSSR1YyPLq6oT3u21onY0K7IM4jfQ+ vkS/ngAgO7dfqOfZJoVEpVjglo7iKPcDUtqHG cCqzApLOaUTeg9DjxUVKIdlrPQFfnumYyMtPF POTJj30+UVFo7lanvrEPaj1pNrtIGhRudD0uu8 sKhYnOjUSGI06S+AMm4QebE1APKDPdZCRtTQ5 nzd1pwKQTKaqXvyqALpKQTZCjEUqsby4qEYaL wL9NSUpWViazKJNUiq9doP+K/Iv54+GVw02nHU Tv+HbUuOjCvJnyDIziGGM7gAn5BF3rAIIdHeI LnxmtwGBwHJ/PWoPE28xUWKjj9D1VcxeE=</l atexit><latexit sha1_base6 4="1KqPm4mLm97Kk0AJ3Ws/+9w+/PA=">AAACe XicbVHLSgMxFE3HVx3funQTLYK4KDN1oRux4E ZcKVgrdIpkMrc2NI8hyShlmN9wq+BH+Cnit7g x07qwthcCh3PuvedwE6ecGRsEXxVvbn5hcam67 K+srq1vbG5t3xmVaQotqrjS9zExwJmElmWWw3 2qgYiYQzseXJR6+wm0YUre2mEKXUEeJesxSqy jokgQ29civyoa/sNmLagHo8LTIPwFtfMP/yx9/ /SvH7Yq7ShRNBMgLeXEmE4YpLabE20Z5VD4UW YgJXRAHqHjoCQCTDcfhS7wgWMS3FPaPWnxiP0 7kRNhzFDErrMMaf5rJTlL62S2d9rNmUwzC5KOj XoZx1bh8gI4YRqo5UMHCNXMZcW0TzSh1t1pwi XjIIqZvjODTpCCDIAC51Otti8K7PuRhGeqhCA yySNR5FGseFKuUW7EfUX4//DT4K5RD4N6eBPUm g00riraRfvoEIXoBDXRJbpGLURRil7QK3qrfH t73qF3NG71Kr8zO2iivOMfCbLHVQ==</latex it><latexit sha1_base6 4="1KqPm4mLm97Kk0AJ3Ws/+9w+/PA=">AAACe XicbVHLSgMxFE3HVx3funQTLYK4KDN1oRux4E ZcKVgrdIpkMrc2NI8hyShlmN9wq+BH+Cnit7g x07qwthcCh3PuvedwE6ecGRsEXxVvbn5hcam67 K+srq1vbG5t3xmVaQotqrjS9zExwJmElmWWw3 2qgYiYQzseXJR6+wm0YUre2mEKXUEeJesxSqy jokgQ29civyoa/sNmLagHo8LTIPwFtfMP/yx9/ /SvH7Yq7ShRNBMgLeXEmE4YpLabE20Z5VD4UW YgJXRAHqHjoCQCTDcfhS7wgWMS3FPaPWnxiP0 7kRNhzFDErrMMaf5rJTlL62S2d9rNmUwzC5KOj XoZx1bh8gI4YRqo5UMHCNXMZcW0TzSh1t1pwi XjIIqZvjODTpCCDIAC51Otti8K7PuRhGeqhCA yySNR5FGseFKuUW7EfUX4//DT4K5RD4N6eBPUm g00riraRfvoEIXoBDXRJbpGLURRil7QK3qrfH t73qF3NG71Kr8zO2iivOMfCbLHVQ==</latex it><latexit sha1_base6 4="Ih0VfKC0uJjGXVI6zaLJ/upoT6Y=">AAACe XicbVHLSgMxFE3HVx1frS7dRItQXJSZutBlwY 24qmCt0Cklk7m1oXkMSUYpw/yGW/0tv8WNmdq Ftb0QOJxzb87h3jjlzNgg+Kp4G5tb2zvVXX9v/ +DwqFY/fjIq0xR6VHGln2NigDMJPcssh+dUAx Exh348vS31/itow5R8tLMUhoK8SDZmlFhHRZE gdqJFfl+0/VGtEbSCeeFVEC5AAy2qO6pX+lGia CZAWsqJMYMwSO0wJ9oyyqHwo8xASuiUvMDAQU kEmGE+D13gC8ckeKy0e9LiOft3IifCmJmIXWc Z0vzXSnKdNsjs+GaYM5lmFiT9NRpnHFuFyw3gh Gmgls8cIFQzlxXTCdGEWrenJZeMgyjW+q4Nuk QKMgUKnK+02okosO9HEt6oEoLIJI9EkUex4kn 5jXIj7hTh/8Wvgqd2Kwxa4UPQ6LQXR6miU3SOm ihE16iD7lAX9RBFKXpHH+iz8u2deU3v8rfVqy xmTtBSeVc/EtfEJA==</latexit>
J3
<latexit sha1_base64="oIYz2OzTeLNfFAWm DqxGcZU/6BA=">AAACeXicbVFNa9tAEB0rTZoq3+kxl21NIORgpOSQXkoDvYScHKhjg2XMajWOF ++H2F0lGCHor+i1+Rf5LfktuXRl+1DHHlh4vDcz7zGb5oJbF0WvjWDjw+bWx+1P4c7u3v7B4dH xvdWFYdhhWmjTS6lFwRV2HHcCe7lBKlOB3XTys9a7j2gs1+qXm+Y4kPRB8RFn1HkqSSR1YyPL2+ oyHB42o1Y0K7IK4gVo/ngJv/8GgPbwqNFNMs0KicoxQa3tx1HuBiU1jjOBVZgUFnPKJvQB+x4qK tEOylnoipx6JiMjbfxTjszY/ydKKq2dytR31iHte60m12n9wo2+DUqu8sKhYnOjUSGI06S+AMm 4QebE1APKDPdZCRtTQ5nzd1pyKQTKaq3v2qBLpKQTZCjESqsby4qEYaLwiWkpqcrKRFZlkmqR1W u0H/FfEb8//Cq4v2jFUSu+i5rXFzCvbTiBr3AGMVzBNdxAGzrAIIc/8BeeG2/Bl+AsOJ+3Bo3Fz GdYquDyH1dnxeI=</latexit><latexit sha1_base64="6MVo5kE4gr6OdqBD TuhwS2vGk0E=">AAACeXicbVHLSgMxFE3HVx3funQTLYK4KDN1oRtRcCOuKlgrdIpkMrc2NI8hy ShlmN9wq+BH+Cnit7gx07qwthcCh3PuvedwE6ecGRsEXxVvbn5hcam67K+srq1vbG5t3xmVaQo tqrjS9zExwJmElmWWw32qgYiYQzseXJZ6+wm0YUre2mEKXUEeJesxSqyjokgQ29civy6O/YfNWl APRoWnQfgLaucf/ln6/uk3H7Yq7ShRNBMgLeXEmE4YpLabE20Z5VD4UWYgJXRAHqHjoCQCTDcfh S7wgWMS3FPaPWnxiP07kRNhzFDErrMMaf5rJTlL62S2d9rNmUwzC5KOjXoZx1bh8gI4YRqo5UM HCNXMZcW0TzSh1t1pwiXjIIqZvjODTpCCDIAC51Otti8K7PuRhGeqhCAyySNR5FGseFKuUW7EfU X4//DT4K5RD4N6eBPULhpoXFW0i/bRIQrRCbpAV6iJWoiiFL2gV/RW+fb2vEPvaNzqVX5ndtBEe cc/C73HVg==</latexit><latexit sha1_base64="6MVo5kE4gr6OdqBD TuhwS2vGk0E=">AAACeXicbVHLSgMxFE3HVx3funQTLYK4KDN1oRtRcCOuKlgrdIpkMrc2NI8hy ShlmN9wq+BH+Cnit7gx07qwthcCh3PuvedwE6ecGRsEXxVvbn5hcam67K+srq1vbG5t3xmVaQo tqrjS9zExwJmElmWWw32qgYiYQzseXJZ6+wm0YUre2mEKXUEeJesxSqyjokgQ29civy6O/YfNWl APRoWnQfgLaucf/ln6/uk3H7Yq7ShRNBMgLeXEmE4YpLabE20Z5VD4UWYgJXRAHqHjoCQCTDcfh S7wgWMS3FPaPWnxiP07kRNhzFDErrMMaf5rJTlL62S2d9rNmUwzC5KOjXoZx1bh8gI4YRqo5UM HCNXMZcW0TzSh1t1pwiXjIIqZvjODTpCCDIAC51Otti8K7PuRhGeqhCAyySNR5FGseFKuUW7EfU X4//DT4K5RD4N6eBPULhpoXFW0i/bRIQrRCbpAV6iJWoiiFL2gV/RW+fb2vEPvaNzqVX5ndtBEe cc/C73HVg==</latexit><latexit sha1_base64="p81Kf/J3Bh97KBxp QxH8zMvb9a8=">AAACeXicbVHLSsNAFJ3GV43P6tLNaBHERUnahS4FN+KqgrVCU2QyubVD5xFmJ koJ+Q23+lt+ixsnbRbW9sLA4Zx75xzujVPOjA2C75q3tr6xuVXf9nd29/YPDhtHT0ZlmkKPKq7 0c0wMcCahZ5nl8JxqICLm0I8nt6XefwNtmJKPdprCUJBXyUaMEuuoKBLEjrXI74uO/3LYDFrBrP AyCCvQRFV1Xxq1fpQomgmQlnJizCAMUjvMibaMcij8KDOQEjohrzBwUBIBZpjPQhf43DEJHintn rR4xv6dyIkwZipi11mGNP+1klylDTI7uh7mTKaZBUnnRqOMY6twuQGcMA3U8qkDhGrmsmI6Jpp Q6/a04JJxEMVK35VBF0hBJkCB86VWOxYF9v1IwjtVQhCZ5JEo8ihWPCm/UW7EnSL8v/hl8NRuhU ErfAiaN+3qKHV0gs7QBQrRFbpBd6iLeoiiFH2gT/RV+/FOvQvvct7q1aqZY7RQXucXFOLEJQ==< /latexit>
J4
<latexit sha1_base64="+oTWy8Wu5XskcXE0 uM2k7UY5r1k=">AAACeHicbVFNSyNBEK2Mu5qdXd24HvfSbFjUS5gJC3oRhb2IpwgbI2SC9PRUT JP+GLp7lDAM+Ce86s/wt+xf2ZM9iYeNSUHD472qeo/qNBfcuij62wg2Pnzc3Gp+Cj9/2d752tr 9dmV1YRj2mRbaXKfUouAK+447gde5QSpTgYN0+rvWB3doLNfqj5vlOJL0VvExZ9R5aphI6iZGlh fVr5tWO+pE8yKrIH4D7dOX8OQBAHo3u41BkmlWSFSOCWrtMI5yNyqpcZwJrMKksJhTNqW3OPRQU Yl2VM4zV+SnZzIy1sY/5cic/X+ipNLamUx9Z53Rvtdqcp02LNz4eFRylRcOFVsYjQtBnCb1AUj GDTInZh5QZrjPStiEGsqcP9OSSyFQVmt91wZdIiWdIkMhVlrdRFYkDBOF90xLSVVWJrIqk1SLrF 6j/Yj/ivj94VfBVbcTR534MmqfdWFRTfgOP+AAYjiCMziHHvSBgYZHeILnxr+ABPvB4aI1aLzN7 MFSBd1XGzXFzw==</latexit><latexit sha1_base64="HrHIv4qz1igUTdRV 5H1MOOp9wfQ=">AAACeHicbVHLSgMxFE3H9/jWpZtgEXVTZoqgG1FwI64qWCt0imQytzY0jyHJK GWYz3CrCz/CTxF/xZWZtgtreyFwOOfeew43ccqZsUHwXfHm5hcWl5ZX/NW19Y3Nre2de6MyTaF JFVf6ISYGOJPQtMxyeEg1EBFzaMX9q1JvPYM2TMk7O0ihI8iTZF1GiXVUOxLE9rTIb4qTx61qUA uGhadBOAbVi0//PP348huP25VWlCiaCZCWcmJMOwxS28mJtoxyKPwoM5AS2idP0HZQEgGmkw8zF /jAMQnuKu2etHjI/p3IiTBmIGLXWWY0/7WSnKW1M9s96+RMppkFSUdG3Yxjq3B5AJwwDdTygQO EauayYtojmlDrzjThknEQxUzfmUEnSEH6QIHzqVbbEwX2/UjCC1VCEJnkkSjyKFY8KdcoN+K+Iv x/+GlwX6+FQS28DaqXdTSqZbSH9tERCtEpukTXqIGaiCKFXtEbeq/8eNg79I5HrV5lPLOLJsqr/ wLPfMdD</latexit><latexit sha1_base64="HrHIv4qz1igUTdRV 5H1MOOp9wfQ=">AAACeHicbVHLSgMxFE3H9/jWpZtgEXVTZoqgG1FwI64qWCt0imQytzY0jyHJK GWYz3CrCz/CTxF/xZWZtgtreyFwOOfeew43ccqZsUHwXfHm5hcWl5ZX/NW19Y3Nre2de6MyTaF JFVf6ISYGOJPQtMxyeEg1EBFzaMX9q1JvPYM2TMk7O0ihI8iTZF1GiXVUOxLE9rTIb4qTx61qUA uGhadBOAbVi0//PP348huP25VWlCiaCZCWcmJMOwxS28mJtoxyKPwoM5AS2idP0HZQEgGmkw8zF /jAMQnuKu2etHjI/p3IiTBmIGLXWWY0/7WSnKW1M9s96+RMppkFSUdG3Yxjq3B5AJwwDdTygQO EauayYtojmlDrzjThknEQxUzfmUEnSEH6QIHzqVbbEwX2/UjCC1VCEJnkkSjyKFY8KdcoN+K+Iv x/+GlwX6+FQS28DaqXdTSqZbSH9tERCtEpukTXqIGaiCKFXtEbeq/8eNg79I5HrV5lPLOLJsqr/ wLPfMdD</latexit><latexit sha1_base64="PDwwLJ1fJS0r/xFa qPY0POPEBTU=">AAACeHicbVHLSgMxFE3Hd321unQTLKJuykwRdFlwI64U7AM6pWQyt21oHkOSU cown+FWv8tfcWWmzsLaXggczrk353BvlHBmrO9/VbyNza3tnd296v7B4dFxrX7SNSrVFDpUcaX 7ETHAmYSOZZZDP9FARMShF83uC733CtowJV/sPIGhIBPJxowS66hBKIidapE95jejWsNv+ovCqy AoQQOV9TSqV3phrGgqQFrKiTGDwE/sMCPaMsohr4apgYTQGZnAwEFJBJhhtsic4wvHxHistHvS4 gX7dyIjwpi5iFxnkdH81wpynTZI7fhumDGZpBYk/TUapxxbhYsF4JhpoJbPHSBUM5cV0ynRhFq 3piWXlIPI1/quDbpECjIDCpyvtNqpyHG1Gkp4o0oIIuMsFHkWRorHxTfKjbhTBP8Xvwq6rWbgN4 Nnv9FulUfZRWfoHF2hAN2iNnpAT6iDKFLoHX2gz8q3h71L7/q31auUM6doqbzWD9ihxBI=</lat exit>
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P52
<latexit sha1_base6 4="l/QKc8Y4h2kl93WWFbDKMkkUFeI=">AAACe XicbVHLSiNBFL3pcdRpZ3zMLGdTGgSZReiOiL MZFNzMMgMTI6SDVFffmCL1aKqqldA0+BVu9S/ 8Fr9lNlOdZGEeFwoO59x7z+FWmgtuXRS9NYIPG x83t7Y/hTufv+zu7R98vba6MAy7TAttblJqUX CFXcedwJvcIJWpwF46vqr13j0ay7X66yY5DiS 9U3zIGXWeShJJ3cjIslOdtW/3m1ErmhZZBfEcN C9ew1+PANC5PWj0kkyzQqJyTFBr+3GUu0FJje NMYBUmhcWcsjG9w76Hikq0g3IauiLHnsnIUBv /lCNT9v1ESaW1E5n6zjqkXdZqcp3WL9zw56DkK i8cKjYzGhaCOE3qC5CMG2ROTDygzHCflbARNZ Q5f6cFl0KgrNb6rg26QEo6RoZCrLS6kaxIGCY KH5iWkqqsTGRVJqkWWb1G+xH/FfHy4VfBdbsVR 634T9S8bMOstuE7HMEJxHAOl/AbOtAFBjk8wT O8NP4Fh8FJ8GPWGjTmM99goYLT/7lbxhI=</l atexit><latexit sha1_base6 4="1vFqb0xterJ1EeLgPPZw+KtJJZ4=">AAACe XicbVHLSgMxFE3H9/iqunQTLYK4KDMV0Y0ouH FZwVqhUySTubWheQxJRinD/IZbBT/CTxG/xY2 Z1oW1vRA4nHPvPYebOOXM2CD4qnhz8wuLS8sr/ ura+sZmdWv7zqhMU2hRxZW+j4kBziS0LLMc7l MNRMQc2vHgqtTbT6ANU/LWDlPoCvIoWY9RYh0 VRYLYvhZ5szhpPFRrQT0YFZ4G4S+oXXz45+n7p 9982Kq0o0TRTIC0lBNjOmGQ2m5OtGWUQ+FHmY GU0AF5hI6Dkggw3XwUusAHjklwT2n3pMUj9u9 EToQxQxG7zjKk+a+V5Cytk9neWTdnMs0sSDo26 mUcW4XLC+CEaaCWDx0gVDOXFdM+0YRad6cJl4 yDKGb6zgw6QQoyAAqcT7Xaviiw70cSnqkSgsg kj0SRR7HiSblGuRH3FeH/w0+Du0Y9DOrhTVC7b KBxLaNdtI8OUYhO0SW6Rk3UQhSl6AW9orfKt7 fnHXpH41av8juzgybKO/4BbbHHhg==</latex it><latexit sha1_base6 4="1vFqb0xterJ1EeLgPPZw+KtJJZ4=">AAACe XicbVHLSgMxFE3H9/iqunQTLYK4KDMV0Y0ouH FZwVqhUySTubWheQxJRinD/IZbBT/CTxG/xY2 Z1oW1vRA4nHPvPYebOOXM2CD4qnhz8wuLS8sr/ ura+sZmdWv7zqhMU2hRxZW+j4kBziS0LLMc7l MNRMQc2vHgqtTbT6ANU/LWDlPoCvIoWY9RYh0 VRYLYvhZ5szhpPFRrQT0YFZ4G4S+oXXz45+n7p 9982Kq0o0TRTIC0lBNjOmGQ2m5OtGWUQ+FHmY GU0AF5hI6Dkggw3XwUusAHjklwT2n3pMUj9u9 EToQxQxG7zjKk+a+V5Cytk9neWTdnMs0sSDo26 mUcW4XLC+CEaaCWDx0gVDOXFdM+0YRad6cJl4 yDKGb6zgw6QQoyAAqcT7Xaviiw70cSnqkSgsg kj0SRR7HiSblGuRH3FeH/w0+Du0Y9DOrhTVC7b KBxLaNdtI8OUYhO0SW6Rk3UQhSl6AW9orfKt7 fnHXpH41av8juzgybKO/4BbbHHhg==</latex it><latexit sha1_base6 4="U7sATwxyw3kfgW0SuFZ2ThD07dw=">AAACe XicbVHLSsNAFJ3Gd31VXboZLYK4KElFdFlw47 KCtUITZDK5sUPnEWYmSgn5Dbf6W36LGyc1C2t 7YeBwzr1zDvfGGWfG+v5Xw1tZXVvf2Nxqbu/s7 u23Dg4fjco1hQFVXOmnmBjgTMLAMsvhKdNARM xhGE9uK334CtowJR/sNINIkBfJUkaJdVQYCmL HWhT98qr73Gr7HX9WeBEENWijuvrPB41hmCiaC 5CWcmLMKPAzGxVEW0Y5lM0wN5AROiEvMHJQEg EmKmahS3zmmASnSrsnLZ6xfycKIoyZith1ViH Nf60il2mj3KY3UcFklluQ9NcozTm2ClcbwAnTQ C2fOkCoZi4rpmOiCbVuT3MuOQdRLvVdGnSOFG QCFDhfaLVjUeJmM5TwRpUQRCZFKMoijBVPqm+ UG3GnCP4vfhE8djuB3wnu/XavWx9lEx2jU3SOA nSNeugO9dEAUZShd/SBPhvf3ol37l38tnqNeu YIzZV3+QN21sRV</latexit>
qB2 (t)
<latexit sha1_base6 4="klNLAchD4iwS+VTEA15kIAD+m4Y=">AAACn XicbVHLbtNAFJ2YVzGPpmXJghExUtlEdjawrK gqdYFQkUhTKQ7R9fgmGWUeZmZMFY3mL/iabuE n+BvsNAvS5EgjHZ37OHfuLSrBrUvTv53owcNHj 58cPI2fPX/x8rB7dHxldW0YDpkW2lwXYFFwhU PHncDryiDIQuCoWJ618dFPNJZr9c2tKpxImCs +4wxcI027fZ8LMHOkyY8kJFM/CN99LsEtjPSfQ kh8biUIQZMT9z4J8bTbS/vpGnSXZBvSIxtcTo 86o7zUrJaoHBNg7ThLKzfxYBxnAkOc1xYrYEu Y47ihCiTaiV9/LNB3jVLSmTbNU46u1f8rPEhrV 7JoMtuZ7f1YK+6LjWs3+zjxXFW1Q8XujGa1oE 7Tdku05AaZE6uGADO8mZWyBRhgrtnllkstUIa 9vnsH3RIlLJGhEDupbiEDjeNc4Q3TUoIqm6MEn xdalG0bLdanyO4vfpdcDfpZ2s++Dnqng81RDs hr8packIx8IKfkglySIWHkF7klv8mf6E10Hn2 OvtylRp1NzSuyhWj0D82i0Gs=</latexit><latexit sha1_base6 4="klNLAchD4iwS+VTEA15kIAD+m4Y=">AAACn XicbVHLbtNAFJ2YVzGPpmXJghExUtlEdjawrK gqdYFQkUhTKQ7R9fgmGWUeZmZMFY3mL/iabuE n+BvsNAvS5EgjHZ37OHfuLSrBrUvTv53owcNHj 58cPI2fPX/x8rB7dHxldW0YDpkW2lwXYFFwhU PHncDryiDIQuCoWJ618dFPNJZr9c2tKpxImCs +4wxcI027fZ8LMHOkyY8kJFM/CN99LsEtjPSfQ kh8biUIQZMT9z4J8bTbS/vpGnSXZBvSIxtcTo 86o7zUrJaoHBNg7ThLKzfxYBxnAkOc1xYrYEu Y47ihCiTaiV9/LNB3jVLSmTbNU46u1f8rPEhrV 7JoMtuZ7f1YK+6LjWs3+zjxXFW1Q8XujGa1oE 7Tdku05AaZE6uGADO8mZWyBRhgrtnllkstUIa 9vnsH3RIlLJGhEDupbiEDjeNc4Q3TUoIqm6MEn xdalG0bLdanyO4vfpdcDfpZ2s++Dnqng81RDs hr8packIx8IKfkglySIWHkF7klv8mf6E10Hn2 OvtylRp1NzSuyhWj0D82i0Gs=</latexit><latexit sha1_base6 4="klNLAchD4iwS+VTEA15kIAD+m4Y=">AAACn XicbVHLbtNAFJ2YVzGPpmXJghExUtlEdjawrK gqdYFQkUhTKQ7R9fgmGWUeZmZMFY3mL/iabuE n+BvsNAvS5EgjHZ37OHfuLSrBrUvTv53owcNHj 58cPI2fPX/x8rB7dHxldW0YDpkW2lwXYFFwhU PHncDryiDIQuCoWJ618dFPNJZr9c2tKpxImCs +4wxcI027fZ8LMHOkyY8kJFM/CN99LsEtjPSfQ kh8biUIQZMT9z4J8bTbS/vpGnSXZBvSIxtcTo 86o7zUrJaoHBNg7ThLKzfxYBxnAkOc1xYrYEu Y47ihCiTaiV9/LNB3jVLSmTbNU46u1f8rPEhrV 7JoMtuZ7f1YK+6LjWs3+zjxXFW1Q8XujGa1oE 7Tdku05AaZE6uGADO8mZWyBRhgrtnllkstUIa 9vnsH3RIlLJGhEDupbiEDjeNc4Q3TUoIqm6MEn xdalG0bLdanyO4vfpdcDfpZ2s++Dnqng81RDs hr8packIx8IKfkglySIWHkF7klv8mf6E10Hn2 OvtylRp1NzSuyhWj0D82i0Gs=</latexit><latexit sha1_base6 4="klNLAchD4iwS+VTEA15kIAD+m4Y=">AAACn XicbVHLbtNAFJ2YVzGPpmXJghExUtlEdjawrK gqdYFQkUhTKQ7R9fgmGWUeZmZMFY3mL/iabuE n+BvsNAvS5EgjHZ37OHfuLSrBrUvTv53owcNHj 58cPI2fPX/x8rB7dHxldW0YDpkW2lwXYFFwhU PHncDryiDIQuCoWJ618dFPNJZr9c2tKpxImCs +4wxcI027fZ8LMHOkyY8kJFM/CN99LsEtjPSfQ kh8biUIQZMT9z4J8bTbS/vpGnSXZBvSIxtcTo 86o7zUrJaoHBNg7ThLKzfxYBxnAkOc1xYrYEu Y47ihCiTaiV9/LNB3jVLSmTbNU46u1f8rPEhrV 7JoMtuZ7f1YK+6LjWs3+zjxXFW1Q8XujGa1oE 7Tdku05AaZE6uGADO8mZWyBRhgrtnllkstUIa 9vnsH3RIlLJGhEDupbiEDjeNc4Q3TUoIqm6MEn xdalG0bLdanyO4vfpdcDfpZ2s++Dnqng81RDs hr8packIx8IKfkglySIWHkF7klv8mf6E10Hn2 OvtylRp1NzSuyhWj0D82i0Gs=</latexit>
cB2 (t)
<latexit sha1_base6 4="YIX/w/8MH5TLTE73g4di1TB0Vyk=">AAACn XicbVHLihNBFK20r7F9ZXTpwsK0MG5Cdza6HB TBhcgIZjKQjuF29U1SpB5NVbUSivoLv8at/oR /Y3UmCzPJgYLDuY9z696qEdy6PP/bS27dvnP33 sn99MHDR4+f9E+fXlrdGoZjpoU2VxVYFFzh2H En8KoxCLISOKnW77v45Dsay7X66jYNziQsFV9 wBi5K8/7QlwLMEmnGspDN/Sh886UEtzLSvwsh8 6WVIATNztzrLKTz/iAf5lvQQ1LsyIDscDE/7U 3KWrNWonJMgLXTIm/czINxnAkMadlabICtYYn TSBVItDO//Vigr6JS04U28SlHt+r/FR6ktRtZx cxuZnsz1onHYtPWLd7OPFdN61Cxa6NFK6jTtN sSrblB5sQmEmCGx1kpW4EB5uIu91xagTIc9T0 66J4oYY0MhThIdSsZaJqWCn8wLSWoOh4l+LLSo u7aaLE9RXFz8YfkcjQs8mHxZTQ4H+2OckKek5 fkjBTkDTknH8kFGRNGfpJf5Df5k7xIPiSfks/ XqUlvV/OM7CGZ/AOvHtBd</latexit><latexit sha1_base6 4="YIX/w/8MH5TLTE73g4di1TB0Vyk=">AAACn XicbVHLihNBFK20r7F9ZXTpwsK0MG5Cdza6HB TBhcgIZjKQjuF29U1SpB5NVbUSivoLv8at/oR /Y3UmCzPJgYLDuY9z696qEdy6PP/bS27dvnP33 sn99MHDR4+f9E+fXlrdGoZjpoU2VxVYFFzh2H En8KoxCLISOKnW77v45Dsay7X66jYNziQsFV9 wBi5K8/7QlwLMEmnGspDN/Sh886UEtzLSvwsh8 6WVIATNztzrLKTz/iAf5lvQQ1LsyIDscDE/7U 3KWrNWonJMgLXTIm/czINxnAkMadlabICtYYn TSBVItDO//Vigr6JS04U28SlHt+r/FR6ktRtZx cxuZnsz1onHYtPWLd7OPFdN61Cxa6NFK6jTtN sSrblB5sQmEmCGx1kpW4EB5uIu91xagTIc9T0 66J4oYY0MhThIdSsZaJqWCn8wLSWoOh4l+LLSo u7aaLE9RXFz8YfkcjQs8mHxZTQ4H+2OckKek5 fkjBTkDTknH8kFGRNGfpJf5Df5k7xIPiSfks/ XqUlvV/OM7CGZ/AOvHtBd</latexit><latexit sha1_base6 4="YIX/w/8MH5TLTE73g4di1TB0Vyk=">AAACn XicbVHLihNBFK20r7F9ZXTpwsK0MG5Cdza6HB TBhcgIZjKQjuF29U1SpB5NVbUSivoLv8at/oR /Y3UmCzPJgYLDuY9z696qEdy6PP/bS27dvnP33 sn99MHDR4+f9E+fXlrdGoZjpoU2VxVYFFzh2H En8KoxCLISOKnW77v45Dsay7X66jYNziQsFV9 wBi5K8/7QlwLMEmnGspDN/Sh886UEtzLSvwsh8 6WVIATNztzrLKTz/iAf5lvQQ1LsyIDscDE/7U 3KWrNWonJMgLXTIm/czINxnAkMadlabICtYYn TSBVItDO//Vigr6JS04U28SlHt+r/FR6ktRtZx cxuZnsz1onHYtPWLd7OPFdN61Cxa6NFK6jTtN sSrblB5sQmEmCGx1kpW4EB5uIu91xagTIc9T0 66J4oYY0MhThIdSsZaJqWCn8wLSWoOh4l+LLSo u7aaLE9RXFz8YfkcjQs8mHxZTQ4H+2OckKek5 fkjBTkDTknH8kFGRNGfpJf5Df5k7xIPiSfks/ XqUlvV/OM7CGZ/AOvHtBd</latexit><latexit sha1_base6 4="YIX/w/8MH5TLTE73g4di1TB0Vyk=">AAACn XicbVHLihNBFK20r7F9ZXTpwsK0MG5Cdza6HB TBhcgIZjKQjuF29U1SpB5NVbUSivoLv8at/oR /Y3UmCzPJgYLDuY9z696qEdy6PP/bS27dvnP33 sn99MHDR4+f9E+fXlrdGoZjpoU2VxVYFFzh2H En8KoxCLISOKnW77v45Dsay7X66jYNziQsFV9 wBi5K8/7QlwLMEmnGspDN/Sh886UEtzLSvwsh8 6WVIATNztzrLKTz/iAf5lvQQ1LsyIDscDE/7U 3KWrNWonJMgLXTIm/czINxnAkMadlabICtYYn TSBVItDO//Vigr6JS04U28SlHt+r/FR6ktRtZx cxuZnsz1onHYtPWLd7OPFdN61Cxa6NFK6jTtN sSrblB5sQmEmCGx1kpW4EB5uIu91xagTIc9T0 66J4oYY0MhThIdSsZaJqWCn8wLSWoOh4l+LLSo u7aaLE9RXFz8YfkcjQs8mHxZTQ4H+2OckKek5 fkjBTkDTknH8kFGRNGfpJf5Df5k7xIPiSfks/ XqUlvV/OM7CGZ/AOvHtBd</latexit>
qD2 (t)
<latexit sha1_base64="x6mrpUueeAVjgsI2 jQBIqjnzQdU=">AAACnXicbVHLbtNAFJ2YVzGPpmXJghExUtlEdjawrEQrdYFQkUhTKQ7R9fgmG WUeZmZMFY3mL/iabuEn+BvsNAvS5EgjHZ37OHfuLSrBrUvTv53owcNHj58cPI2fPX/x8rB7dHx ldW0YDpkW2lwXYFFwhUPHncDryiDIQuCoWH5q46OfaCzX6ptbVTiRMFd8xhm4Rpp2+z4XYOZIkx 9JSKZ+EL77XIJbGOnPQkh8biUIQZMT9z4J8bTbS/vpGnSXZBvSIxtcTo86o7zUrJaoHBNg7ThLK zfxYBxnAkOc1xYrYEuY47ihCiTaiV9/LNB3jVLSmTbNU46u1f8rPEhrV7JoMtuZ7f1YK+6LjWs 3+zjxXFW1Q8XujGa1oE7Tdku05AaZE6uGADO8mZWyBRhgrtnllkstUIa9vnsH3RIlLJGhEDupbi EDjeNc4Q3TUoIqm6MEnxdalG0bLdanyO4vfpdcDfpZ2s++Dnqng81RDshr8packIx8IKfkglySI WHkF7klv8mf6E10Hn2OvtylRp1NzSuyhWj0D9Ha0G0=</latexit><latexit sha1_base64="x6mrpUueeAVjgsI2 jQBIqjnzQdU=">AAACnXicbVHLbtNAFJ2YVzGPpmXJghExUtlEdjawrEQrdYFQkUhTKQ7R9fgmG WUeZmZMFY3mL/iabuEn+BvsNAvS5EgjHZ37OHfuLSrBrUvTv53owcNHj58cPI2fPX/x8rB7dHx ldW0YDpkW2lwXYFFwhUPHncDryiDIQuCoWH5q46OfaCzX6ptbVTiRMFd8xhm4Rpp2+z4XYOZIkx 9JSKZ+EL77XIJbGOnPQkh8biUIQZMT9z4J8bTbS/vpGnSXZBvSIxtcTo86o7zUrJaoHBNg7ThLK zfxYBxnAkOc1xYrYEuY47ihCiTaiV9/LNB3jVLSmTbNU46u1f8rPEhrV7JoMtuZ7f1YK+6LjWs 3+zjxXFW1Q8XujGa1oE7Tdku05AaZE6uGADO8mZWyBRhgrtnllkstUIa9vnsH3RIlLJGhEDupbi EDjeNc4Q3TUoIqm6MEnxdalG0bLdanyO4vfpdcDfpZ2s++Dnqng81RDshr8packIx8IKfkglySI WHkF7klv8mf6E10Hn2OvtylRp1NzSuyhWj0D9Ha0G0=</latexit><latexit sha1_base64="x6mrpUueeAVjgsI2 jQBIqjnzQdU=">AAACnXicbVHLbtNAFJ2YVzGPpmXJghExUtlEdjawrEQrdYFQkUhTKQ7R9fgmG WUeZmZMFY3mL/iabuEn+BvsNAvS5EgjHZ37OHfuLSrBrUvTv53owcNHj58cPI2fPX/x8rB7dHx ldW0YDpkW2lwXYFFwhUPHncDryiDIQuCoWH5q46OfaCzX6ptbVTiRMFd8xhm4Rpp2+z4XYOZIkx 9JSKZ+EL77XIJbGOnPQkh8biUIQZMT9z4J8bTbS/vpGnSXZBvSIxtcTo86o7zUrJaoHBNg7ThLK zfxYBxnAkOc1xYrYEuY47ihCiTaiV9/LNB3jVLSmTbNU46u1f8rPEhrV7JoMtuZ7f1YK+6LjWs 3+zjxXFW1Q8XujGa1oE7Tdku05AaZE6uGADO8mZWyBRhgrtnllkstUIa9vnsH3RIlLJGhEDupbi EDjeNc4Q3TUoIqm6MEnxdalG0bLdanyO4vfpdcDfpZ2s++Dnqng81RDshr8packIx8IKfkglySI WHkF7klv8mf6E10Hn2OvtylRp1NzSuyhWj0D9Ha0G0=</latexit><latexit sha1_base64="x6mrpUueeAVjgsI2 jQBIqjnzQdU=">AAACnXicbVHLbtNAFJ2YVzGPpmXJghExUtlEdjawrEQrdYFQkUhTKQ7R9fgmG WUeZmZMFY3mL/iabuEn+BvsNAvS5EgjHZ37OHfuLSrBrUvTv53owcNHj58cPI2fPX/x8rB7dHx ldW0YDpkW2lwXYFFwhUPHncDryiDIQuCoWH5q46OfaCzX6ptbVTiRMFd8xhm4Rpp2+z4XYOZIkx 9JSKZ+EL77XIJbGOnPQkh8biUIQZMT9z4J8bTbS/vpGnSXZBvSIxtcTo86o7zUrJaoHBNg7ThLK zfxYBxnAkOc1xYrYEuY47ihCiTaiV9/LNB3jVLSmTbNU46u1f8rPEhrV7JoMtuZ7f1YK+6LjWs 3+zjxXFW1Q8XujGa1oE7Tdku05AaZE6uGADO8mZWyBRhgrtnllkstUIa9vnsH3RIlLJGhEDupbi EDjeNc4Q3TUoIqm6MEnxdalG0bLdanyO4vfpdcDfpZ2s++Dnqng81RDshr8packIx8IKfkglySI WHkF7klv8mf6E10Hn2OvtylRp1NzSuyhWj0D9Ha0G0=</latexit>
P2
4
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Fig. 2: An illustrative example with pipes are divided into three segments (only P23 is split and displayed).
Tab. II: Water quality modeling and corresponding matrix forms.
Component Solute balance equation Matrix form
Pipe
cPij(s, t+ ∆t) = αij(t)c
P
ij(s− 1, t) + αij(t)cPij(s, t) (7)
+ αij(t)c
P
ij(s+ 1, t) + r
P
ij(c
P
ij(s, t))
cP(t+ ∆t) =ANP(t)c
N(t) +APP(t)c
P(t)
(8)
+ rP(cP(t))
Junction
qBi (t)c
B
i (t) +
∑|N ini |
k=1 qki(t)cki(t) (9)
= qDi (t)c
J
i (t) +
∑|Nouti |
j=1 qij(t)cij(t)
cJ(t+∆t) = AJJ(t+∆t)c
J(t) +ALJ (t+∆t)c
L(t)
+BJ(t+∆t)cB(t+∆t) +RJ(t+∆t)r(x(t))
(10)
Tank
V TKi (t+ ∆t)c
TK
i (t+ ∆t)=(V
TK
i (t)−∆t
∑|Nouti |
j=1 qij(t))c
TK
i (t)
(11)
+ V Bi (t+ ∆t)c
B
i (t+ ∆t) + ∆t(
∑|N ini |
k=1 qki(t)cki(sLki , t) + r
TK
i (c
TK(t)))
cTK(t+∆t) = ATKTK(t)c
TK(t) +APTK(t)c
P(t)
+BTK(t+∆t)cB(t+∆t)+RTK(t)r(x(t))
(12)
cPij(sLij , t+ ∆t) = αij(t)c
P
ij(sLij−1, t) + αij(t)cPij(sLij , t) + αij(t)cJj (t) + rPij(cPij(sLij , t)). (6b)
Note that Equation (6) is different from (7) because we use the connected junction as the previous (next) segment of the
first (last) segment of a pipe. After concentration of all segments are derived, we can lump them into cPij(t + ∆t). To help
readers understand the details of (7) and (6), a pipe split into three segments in Fig. 2 is shown as Example 1 in Appendix A.
Equation (7) can be lumped in a matrix-vector form for all the pipes as given by (8) in Tab. I, where vector cP(t) ,{
cP1 (t), . . . , c
P
nP(t)
}
collects the concentrations at all grid points in all pipes with nP being the number of pipes in the
water network; cN(t) defined in Tab. I collects all concentration from nodes; matrix ANP(t) derived from (6) stands for the
concentration contribution from nodes to the segments in pipes; matrix APP(t) lumps the L-W coefficients defined in (5)
representing the contribution from pipes at previous time step to current one.
Remark 2. The concentrations difference equations for pipes P are obtained.
2) Solute mass balance at junctions: Mass conservation of the disinfectant for Junction i at time t can be described by (9)
in Tab. II when Assumption 1 is made, where {ki : k ∈ N ini } and {ij : j ∈ N outi } represent the sets of links with inflows
and outflows of Junction i; cki(t) and cij(t) are the concentrations in Links ki and ij.
Assumption 1. The mixing of the solute is complete and instantaneous at junctions and in tanks with a continuously stirred
tank reactors (CSTRs) model.
Assumption 1 is widely used in [30], [33]–[35]. It implies (i) that the solute injected from boosters takes effect to junctions
and tanks immediately instead of delays, and (ii) the concentration leaving a node (a junction or a tank), either by user demands
or in downstream links (a pump, a pipe, or a valve), is the same.
Note that we only can obtain the concentration difference equation at junctions in W\D so far (such as J3 ∈ W\D which
is the upstream node of V34 in Fig. 2); for the junctions in D (such as J2, J4 ∈ D which are the downstream nodes M12
and V34 in Fig. 2), we can not obtain them until their dependence links are available in Section II-A5; see Example 2 in
Appendix A for the details of difference equation at J3 in Fig. 2.
Now, we consider for all junctions, that is, Equation (9) can be lumped in a matrix form as
qBJ (t+ ∆t) ◦ cBJ (t+ ∆t) + qinJ (t+ ∆t) ◦ (diag (SinJ )cL(sL, t+ ∆t)) =
(
qoutJ (t+ ∆t) + q
D(t+ ∆t)
) ◦ cJ(t+ ∆t) (13)
7where qD is demand ; qinJ (t + ∆t) and q
out
J (t + ∆t) are inflows and outflows defined by diag (S
in
J )q
L(sL, t + ∆t) and
SoutJ q
L(1, t+ ∆t), and note that each element in vector qoutJ (t+ ∆t) is the summation of all outflows from a corresponding
junction; selection matrix SinJ and S
out
J is from E
L
J in (2), we give Example 3 in Appendix A to explain the detail. Note that
cL(sL, t + ∆t) ∈ RnQ only includes concentration of last segments in pipes, and qL(1, t + ∆t) includes the first segments;
qBJ = E
B
J q
B and cBJ = E
B
J c
B are the flow rate vectors and concentration vectors injected by boosters at junctions, where
EBJ shown in (3) describes booster locations at junctions. Here, c
L(sL, t + ∆t), that is a subvector of cL(t + ∆t), includes
concentration of the last segment of each pipe cP(sL, t+∆t), and concentrations of pumps cM(t+∆t) and valves cV(t+∆t).
After expressing the result of Hadamard product and division as matrix multiplication form, we obtain matrix form (10) in
Tab. II, where matrices AJJ, A
L
J , and B
J represent the contribution to cJ(t + ∆t) from corresponding junctions, links, and
boosters. Moreover, RJ stands for the impact from nonlinear reaction item r(x(t)) defined in later Section III-A. The detail
of matrix derivation for junctions are in Appendix B.
3) Solute mass balance at tanks: Tanks are typically filled during low demand periods, and are drained when going through
high demand periods. Mass conservation of disinfectants in Tank i can be expressed by (11), where variables are defined in
Tab. I. The physical meaning of (11) is that the solute mass at t+ ∆t equals the current mass plus the change of mass due to
boosters, inflows, outflows, and reactions in tanks. Note that the mixing in tanks is instantaneous, see Assumption 1. Hence,
the cBi (t+ ∆t) instead of c
B
i (t) has effects to c
TK
i (t+ ∆t).
After listing equations for all tanks, matrix form of (11) can be expressed as
V TK(t+ ∆t) ◦ cTK(t+ ∆t) (14)
=(V TK(t)−∆t qoutTK(t))◦cTK(t)+V BTK(t+∆t)◦cBTK(t+ ∆t) + ∆t
(
qinTK(t) ◦ cP(t) + rTK(cTK(t))
)
,
where all variables have similar meaning defined for junctions, except that qinTK and q
out
TK are inflow and outflow subvectors,
and can be obtained from multiplication of qL with the selection matrices from ELTK; and c
B
TK = E
B
TKc
B, and EBTK in (3)
defines the booster location at tanks; see Example 4 in Appendix A for the details of difference equation at TK5 in Fig. 2.
Akin to dealing with (13) to simplify (14), we obtain (12) in Tab. II for tanks; see Appendix C for the detail of derivation.
4) Solute mass balance at reservoirs: We assume that the concentration at a reservoir is constant, that is
cRi (t+ ∆t) = c
R
i (t), (15)
and the corresponding matrix form for all reservoirs is
cR(t+ ∆t) = cR(t). (16)
Example 5 in Appendix A shows the difference equation at R1 in Fig. 2.
Remark 3. The concentrations difference equations from (i) nodes having no connection with pumps and valves and (ii) the
upstream nodes of pumps and valves, that are junctions, tanks, and reservoirs inW\D, are obtained so far; for the downstream
nodes in D, we can obtain them after concentrations in pumps and valves are derived in next section. In the end, the matrix
forms of junctions, tanks, and reservoirs are formed as (10), (12), and (16).
5) Solute transport in pumps and valves: The lengths of pumps and valves are assumed to be zeros, and they do not store
any water. Therefore, we assume that the concentration at pumps or valves equal concentration of the upstream nodes they
connect. The corresponding matrices form for pumps and valves can be written as
cM(t+ ∆t) = SNMc
N(t+ ∆t) (17)
cV(t+ ∆t) = SNVc
N(t+ ∆t), (18)
where all vectors defined in Tab. I, and SNM and S
N
V are selection matrices and can be obtained by changing −1 to 0 in the
node-pump and node-valve connectivity matrices, that are ENM and E
N
V in (2); see Example 6 in Appendix A.
When the upstream node of Pump ij is a reservoir, and it means the concentration in Pump ij equals the one in Reservoir
i. In this case, Equation (17) is rewritten as
cMij (t+ ∆t) = c
R
i (t+ ∆t) = c
R
i (t) = c
M
ij (t). (19a)
When the upstream node of Pump ij is a junction, and the concentration in Pump ij equals the one at Junction i. Hence,
Equation (17) is rewritten as
cMij (t+ ∆t) = c
J
i (t+ ∆t), (19b)
where each cJi (t + ∆t) can be obtained from (10) directly in Section II-A2. There are no differences between pumps and
valves from the point of view of solution transport except that valves connect to junctions and tanks. Therefore, we present
Example 7 to demonstrate it further in Appendix A.
Considering all pumps for all cases, cM(t+ ∆t) can always be expressed by the concentrations at nodes and in links from
previous time step t. In practice, pumps connect to either junctions or reservoirs, and the corresponding connectivity matrices
8Algorithm 1: Offline, time-varying difference equation formulation of all WDN components
Input: WDN typologies and parameters
Output: Difference equations of all components
1 while t ≤ Td do
2 Run hydraulic simulation at t for flow direction
3 Update EG according to the true flow direction in links
4 Obtain cij(s, t+ ∆t) via (7) in set P
5 Obtain ci(t+ ∆t) via (9), (11), or (15) for i ∈ W\D
6 Obtain cij(t+ ∆t) via (19) for Pump or Valve ij ∈M∪ V , and construct matrix form (17) and (18)
7 Obtain ci(t+ ∆t) via (9) or (11) for i ∈ D, and construct matrix form (10), (12), (16)
8 t = t+ ∆t
9 end while
10 With difference equations of all component, matrices A and B for state-space form are derived in Section III.
are EMJ and E
M
R in (2). Besides that, the matrix forms of junction and reservoir solute equations are known as (10) and (16).
Hence, the matrix form of pump solute equation can be obtained directly by multiplying selection matrices (SMJ and S
M
R ) with
corresponding matrix forms given in (10) and (16).
Similarly, the matrix form of valve solute equations can be expressed by multiplying selection matrices SVJ and S
V
TK with
their corresponding matrix forms (10) and (12). The notations helping to present them as matrix form would be introduced
in Section III-A. Hence, we prefer to show the matrix forms for pumps and valves in that section.
Remark 4. The concentrations difference equations for pumps and valves M∪V are obtained.
We clearly see the concentration difference equation of a component might depend on concentration equation of another
from Remarks 2, 3, and 4, and we refer this property in water quality modeling as concentration dependence. For example,
concentration in links, such as valves and pumps, depend on their upstream nodes while their downstream nodes rely on the
links in turn. This implies that there exists a specific order to list concentration equations for all components, and the order
can be defined by a concentration dependence tree or forest. Details are discussed next.
B. Steps to find difference equations for components based on dependence forest
In this section, we organize the dependence relationship presented in Section II-A and summarize steps to find difference
equation of each component as Algorithm 1, and we use the illustrative example in Fig. 2 to explain the detail, see Example 8
in Appendix A.
From this dependence forest in Example 8, we see that the order to find difference equations is unique and fixed for
components, that is, P → W\D → M∪ V → D, see Fig. 14. This order can be mapped to steps in Algorithm 1. In this
algorithm, the total duration time is Td, and for each time-step t, we need to update EG and replace the assigned direction
with true flow direction, see Steps 2–3. When the concentration equations of all components are available, they can be lumped
together into matrix form (just as the one in Tab. II) via Steps 4–7. Next, we discuss how to derive the state-space form for
overall network based on matrix form of these equations.
III. WATER QUALITY MODELING IN STATE-SPACE FORM
This section presents an abstract, state-space model that can be useful for a wide range of control theoretic studies in
water quality control studies. In particular, we showcase a mathematical model comprising a set of inputs, outputs, and state
variables related by first-order difference equations. First, connectivity matrix EBN is assumed to be pre-determined and time-
independent. Second, for a water quality control time-horizon, it is customary to assume that all hydraulic variables are assumed
to be known [26], including the flow rate qL, demand qD, tank volumes V TK. This is due to hydraulic simulation has a much
slower time-scale compared with the one in a water quality simulation. Note that this assumption in practice is a big issue,
since the hydraulic variables are impossible to be measured directly. Fortunately, hydraulic state estimation can be used to
obtain the qL, demand qD, tank volumes V TK, and even pipe roughness coefficients; see [36], [37]. Besides that the flow rate
and corresponding volume injected from boosters are known, and assumed as V B = qB, that is, it takes boosters unit time to
inject solute into networks.
We define the state and input vectors first in ensuing sections, and then show how matrix form (8), (10), (12), (16), (17),
and (18) in previous section can form the state-space form.
A. Nonlinear state-space form
System state x(t) is a vector collecting concentrations at all nodes and in all links defined as
x(t) , {cN(t), cL(t)} = {cJ(t), cR(t), cTK(t), cP(t), cM(t), cV(t)}, (20)
9where the dimension of x is the summation of number of concentration variables in nodes and at links, that is, nx = nN +nL.
We define u(t) standing for the input of the system at time t as cB(t+∆t) instead of cB(t) in our paper due to Assumption 1.
That is, if there is no delay when mixing of the solute, the injections or inputs happening at t and t+ ∆t at junctions or tanks
can be considered as the same “moment”. Hence, the control variable is still defined as u(t) , cB(t+ ∆t), and the dimension
of u is the same as the dimension of cB, that is, nu = nN.
The reaction rate vector collecting concentrations in pipes and tanks is defined as
r(x(t)) , {rTK(cTK(t)), rP(cP(t))}. (21)
We also define Rr as an indicator matrix encodes how the nonlinearity r(x(t)) is impacting the dynamics of water quality,
i.e., tanks and pipes having reaction rate could impact x, each component has its own indicator submatrix, and the detail of
elements in Rr would be discussed in ensuing paragraphs.
With the above definitions, we next show how (8), (10), (12), (16), (17), and (18) can yield the compact, state-space, and
control-oriented formulation (22) which is a Nonlinear Difference Equation (NDE).
AJJ A
L
J
I OnR×nL
ATKTK A
P
TK
ANP A
P
P
AJM A
R
M A
L
M
AJV A
TK
V A
P
V


AJ
AR
ATK
AP
AM
AV
A(t)
x(t + ∆t) =
cJ
cR
cTK
cP
cM
cV


cN
cL
x(t)
BJ
BR
BTK
BP
BM
BV


B(t)
+ u(t) +
RJ
RR
RTK
RP
RM
RV


Rr(t)
r(x(t))
(22)
We observe that all matrix forms except (17) and (18) are in difference equation form from Section II, so we just need to
organize and put their contribution matrices into the right block in (22). Taking concentration difference equations at junctions
as an example, Equation (10) in Tab. II can be rewritten as
cJ(t+ ∆t) =
[
AJJ O O A
L
J
]
︸ ︷︷ ︸
AJ
cJ(t) +BJu(t) +
[
O RPJ
]
︸ ︷︷ ︸
RJ
r(x(t)),
and we put it as the first block-row in (22). Note that the elements in matrix RPJ ∈ RnJ×nS are the reaction rates passing from
segments in the pipes to junctions; see RJ3(t + ∆t) which is a typical element of R
P
J in Example 2 for the detail. Similarly,
reservoirs (16), tanks (12), and pipes concentration equation (8) are put in the second, third, and fourth block-rows in (22). The
corresponding indicator matrix for reservoirs RR are zero matrix since no decay is assumed in reservoirs, and no components
can impact on it either; indicator matrix for tanks and pipes are RTK = [InTK O] and R
P = [O InS )].
As for pumps (17), we know that it depends on concentration of the upstream node it connects from (19). Hence, AM is
formed by selecting specific block-rows from AJ and AR, and this action can be done by selection matrix SNM, that is
AM ,
[
AJM A
R
M O A
L
M
]
=
[
SJM S
R
M
] [AJ
AR
]
=
[
SJMA
J
J S
R
M O S
J
MA
L
J
]
,
BM =
[
SJM S
R
M
] [BJ
BR
]
,RM =
[
SJM S
R
M
] [RJ
RR
]
.
Akin to pumps, submatrices AV, BV, and RV for valves (18) can be expressed as
AJV = S
J
VA
J
J, A
TK
V = S
TK
V A
TK
TK, A
P
V = S
P
VA
P
TK,
BV =
[
SJV S
TK
M
] [
BJ
BTK
]
,RV =
[
SJV S
TK
M
] [
RJ
RTK
]
.
Furthermore, A(t) and B(t) are time-dependent matrices—due to their slow change with hydraulics—that depend on the
WDN topology and the aforementioned mass balance equations. Finally, the NDE model (22) is possibly nonlinear due to a
potential nonlinear reaction rate model r(·).
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Fig. 3: Relationship among different time-scales for WQC problem and a discrete MPC scheme (Td = N1Th = N2Tp = Np∆t, where N1,
N2, and Np are integers).
B. Single species reaction model
In this section, the first-order reaction for single species that describes disinfectant decay both in the bulk flow and at the
pipe wall [20], [30], [34] are used, and
kPij = k
b
ij +
kwijk
f
ij
Dij(kwij + k
f
ij)
, kTKij = k
b
ij , (23)
where kbij and k
w
ij are defined in Tab. I; k
f
ij is the the mass transfer coefficient between the bulk flow and the pipe wall; Dij
is the hydraulic diameter. For tanks, only bulk reaction constant exists. Hence, the reaction rate can be expressed as
rP(cP(t)) = kP ◦ cP(t), rTK(cTK(t)) = kTK ◦ cTK(t). (24)
After using first-order reaction model, the elements in Rr(t)r(x(t)) in the NDE (22) can be combined into A matrix. For
example,
APP(t) = A
P
P(t) + diag(k
P), ATKTK(t) = A
TK
TK(t) + diag(k
TK).
in (8) and (12), and we obtain a Linear DE (LDE) model as
LDE : x(t+ ∆t) = A(t)x(t) +B(t)u(t). (25)
To validate the effectiveness of the proposed LDE (25), we compare the results of LDE (25) model with results of the water
quality model embedded in EPANET [38]. The results are presented in Section VI. Given this linear state-space form of the
water quality model, the next section presents a model control algorithm to control water quality.
Remark 5. Matrices A(t) written in (22) is different from the one in (25), seeing that the former does not incorporate the
reaction rate, whereas the latter embeds the linear, first-order reaction rate model. Examples are given in the case studies
section.
IV. PLUG-AND-PLAY MPC FOR WQC
The objective of a water quality control (WQC) problem is to ensure safe drinking water at all nodes, while minimizing
the amount of injected chlorine, seeing that it reflects higher operational costs. Model predictive control (MPC) technology is
used here, due to its robustness to parametric uncertainty and forecast errors.
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Tab. III: Time-scales in Water Quality Control problem.
Symbol Description
Td, Tn, Th
Duration of simulation (WQC problem time period);
demand pattern time-step; hydraulic time-step
Tp, Tc, ∆t
MPC prediction horizon; MPC control horizon;
water quality time-step (in L-W scheme)
Before discussing the objectives and constraints of WQC problem, we would like to clarify different time-scales in WDN
and MPC; see Tab. III for descriptions for different time-scales and Fig. 3 for the relationship among them. We note that the
definitions of duration Td, pattern time-step Tn, and hydraulic times step Th are exactly the same as the ones in EPANET. For
example, the settings 1 Td = 12 Tn = 24 Th and Th = 1 hour indicate that we are solving a hyraulic problem for 24 hours,
demand changes every 2 hourrs, and the hydraulic time-step is 1 hour.
We consider a WQC problem from t = 0 to t = Td which is constrained by lower and upper bounds constraints on chlorine
concentrations in all links and nodes cmin = 0.2 mg/L and cmax = 4 mg/L, that is
x(t) ∈ [cmin, cmax]. (26)
Constraint (26) which can succinctly be formulated as
Constraints : xmin ≤ x(t) ≤ xmax, (27)
where xmin and xmax model upper and lower bounds.
As for the objectives, the control problem to be addressed is to minimize the total injected chlorine mass or the booster
chlorination operational injection cost (BCI), while maintaining the chlorine concentration in all links and nodes x(t) within
pre-specified bounds discussed above. Given these considerations, the WQC−MPC problem in a prediction horizon Tp can
be written as
minimize
x(t),u(t)
J(u(t)) = λ
Np−1∑
t=0
qB(t)
>
u(t) (28)
subject to LDE (25), Constraints (27),
where λ the unit chlorine injection cost (in $/mg); qB(t) is a vector of the flow rates matching the dimension of u(t).
We note the following. First, the water quality time-step ∆t, decided by Remark 1, varies in different hydraulic time-steps,
but during the same hydraulic time-step Tp, ∆t remains the same, and Tp = Np∆t (see Fig. 3). Similarly, matrices A(t) and
B(t) in LDE varies along with hydraulic time-scale. Second, the initial chlorine concentration x(t = 0) is considered to be
known, and as a result the optimization variables are
{x(t)}Npt=1, {u(t)}Np−1t=0 ,
that is, u(Np − 1) enables the evolution of the water quality model to the constrained x(Np). Third, there is no measurement
model involved in (28) which is a default assumption in the MPC scheme. That is, all states are measured using sensors.
Fourth, Constraint (27) is a hard constraint, and potentially makes WQC−MPC infeasible. This issue is solved in Section V
via softening hard constraints. Fifth, after WQC−MPC is solved in the current prediction horizon Tp, the MPC window
slides to the next one and resolve this problem (see Fig. 3). The obtained control sequence u(t) is a nu×Np matrix containing
Np time-steps needs to be condensed and lumped into a larger time-step one to match the capacity of booster stations such
as injection frequency. Additionally, WQC−MPC (28) is a linear program (LP), and the number of optimization variables
is decided by Np, nx, and nu when each node is installed with a booster station (the worst case). That is,
Np(nx + nu) = Np(2nN + nL), (29)
where nN = nJ + nR + nTK and nL = nS + nM + nV.
From (29), we can see for any given network, the number of variables in (28) is mainly decided by prediction horizon Tp
and the number of pipes nP, and the number of segments of a pipe sL. For example, if we have a network with nP = 15 pipes,
sL = 500 segments for each pipe, and prediction horizon Tp = 5 minutes when ∆t = 1 second or equally Np = 300 time-steps,
then the number of optimization variables of WQC−MPC for this small network would be more than 2, 250, 000 which is
hard to solve for most solvers even if it is an LP. Next, we introduce a plug-and-play MPC which reduces the computational
burden through an analytical solution and remove the default assumption built-in MPC which is all states (including each
segment in pipes) are measured via sensors.
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
Caxa(t+ 1)
Caxa(t+ 2)
...
Caxa(t+Np)

︸ ︷︷ ︸
yp
=

CaΦa
CaΦ
2
a
...
CaΦ
Np
a

︸ ︷︷ ︸
W
xa(t) +

CaΓa
CaΦaΓa CaΓa
...
. . .
CaΦ
Np−1
a Γa . . . CaΦaΓa CaΓa

︸ ︷︷ ︸
Z

∆u(k)
∆u(t+ 1)
...
∆u(t+Np − 1)

︸ ︷︷ ︸
∆up
(30)
V. SCALING WQC−MPC FOR REAL-TIME IMPLEMENTATION
Due to the space (and time) discretization of the advection-reaction dynamics, the dimension of WQC−MPC explodes
with the number of pipes and segments. Furthermore, the time-step for water quality simulation is in seconds (decided by
L-W scheme), thereby necessitating near real-time control actions that react according to the water quality status of the water
network. Even for small networks with tens of pipes and junctions, the LP (28) has millions of variables. Most of these
variables are state variables, x(t). In short, since the time-step is in seconds, then an instant of (28) should be solved in a
fraction of a second—to make MPC implementation realizable in near real-time.
To that end, the objective of this section is to show how to transform WQC−MPC (28) from a constrained LP with millions
of variables to either a analytical solution or a quadratic program (QP) with orders of magnitude less variables. The main trick
here is to eliminate the dependence on the state variables x(t) while modeling state-constraints (27) as soft constraints in a
quadratic objective function. This approach is a classical one in control-theoretic textbooks [39]; however, its adaptation to
water quality control problem is the main novelty here.
A. Ultra-fast, analytical solution to WQC-MPC
First, we rewrite the difference equation as
x(t+ 1) = Ax(t) +Bu(t), y(t) = Cx(t). (31)
In (31), we made two simplifications for ease of brevity and presenting the formation of MPC. These simplifications are
∆t = 1 and A(t) := A and B(t) := B. Note that this does not mean ∆t is 1 second, instead, it simply means a unit step.
Furthermore, we include a measurement model where C is a binary matrix that encodes the location of water quality sensors
measuring chlorine concentrations y(t) in real-time. However, we cannot install sensors for each segment of pipes. Hence, the
concentrations in pipes can be estimated by LDE (25) model. Next, we define
∆x(t+ 1) = x(t+ 1)− x(t), ∆u(t+ 1) = u(t+ 1)− u(t)
to be new auxiliary states and input variables that quantify corresponding change rate. Hence, we can rewrite (31) as[
∆x(t+ 1)
y(t+ 1)
]
=
[
A 0
CA Iny
][
∆x(t)
y(t)
]
+
[
B
CB
]
∆u(t)
y(t) =
[
0 Iny
] [∆x(t)
y(t)
]
,
or more abstractly as
xa(t+ 1) = Φaxa(t) + Γa∆u(t) (32a)
y(t) = Caxa(t), (32b)
where xa(t) = {∆x(t),y(t)} ∈ Rnx+ny , Γa ∈ Rnx+nx×nu ,Ca ∈ Rny×nx+ny . In (32), xa(t) represents the augmented state,
which will allow us in this sequel to eliminate the variables x(t) from WQC−MPC. As in traditional MPC schemes, we
consider here that xa(t) is given, and as a result we compose the following equality for a prediction/MPC horizon of Np
time-steps as (30) or
yp = Wxa +Z∆up, (33)
where yp ∈ RnyNp and ∆up ∈ RnuNp . Equation (33) essentially lumps the difference equation dynamics into a single equality
constraint with a known xa and predetermined matrices Y ,W , and Z; vector up is the variable to be computed/predicted
over Np time-steps.
Another needed tool here is to append the objective function given in (28) with soft constraints mimicking the upper and
lower bound constraints on x(t) given in (27). To do so, we define yref to be a vector of a constant, predetermined reference
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that sets the desired chlorine concentrations to be tracked at the sensor locations. For example, yref can be average of minimum
and maximum concentrations.
Given these developments, we can append objective functions to be written as an unconstrained quadratic optimization:
min
∆up
J˜(∆up) =
1
2
(yref − yp)>Q(yref − yp) + 1
2
∆u>p R∆up + b
>∆up, (34)
where the appended cost function minimizes deviations from reference chlorine concentrations, smoothness of control input,
and the booster chlorination operation injection cost; b = λqB(t) ⊗ 1Np is akin to the cost function in WQC−MPC, ⊗
denotes the Kronecker tensor product and 1Np is an Np dimensional vector of ones; matrices Q = Q
> and R = R> are
weight matrices that dictates the preference of measurements and the smoothness of control input. We note that matrices Q, R,
and b have impact on the final solutions, and the value of these three matrices needs to be adjusted according to the importance
of the three objectives. For example, setting a relatively large Q helps to reach the reference quickly and accurately, but the
control smoothness and the cost of injected chlorine can not be guaranteed as expected.
The only optimization variable in (34) is ∆up since yp can be substituted in (34) with Wxa + Z∆up from (33). Upon
this substitution, we obtain
J˜(∆up) =
1
2
∆u>p (Z
>QZ +R)∆up +
(
b> − yref>QZ + x>aW>QZ
)
∆up + constants.
Optimizing for ∆up via deriving the first order necessary conditions for unconstrained minimization through setting
∂J˜(∆up)
∂∆up
=
0, we obtain
∆u∗p = (Z
>QZ +R)−1
(
b−Z>Q(yref −Wxa)
)
. (35)
The optimal control law given in (35) is indeed plug-and-play: it can be immediately implemented without optimization. In
particular, and after measuring xa at time-step t, the operator can compute ∆u∗p and extract u
∗(t) from it, without needing to
solve a large-scale optimization. The only computation needed is the large-scale matrix-vector product in (35) which can be
computed efficiently using sparse matrix, rather than using iterative, interior point methods to solve the LP in WQC−MPC.
Furthermore, a large portion of the RHS of control law (35) can be computed and stored, seeing the only changing quantity—
considering fixed hydraulic quantities—is xa.
Remark 6. Since Q = Q> and R = R> are positive definite weight matrices, the second-order necessary conditions for
optimality of unconstrained minimization in (34) are also satisfied since Z>QZ +R is an invertible, positive definite matrix
for all values of Z.
B. Guaranteeing satisfaction of state and input bounds
A question that begs itself here is whether the operator can guarantee that upper and lower bound constraints for chlorine
concentrations in the state vector x and control input vector u, given that optimal control law (35) only minimizes the deviations
from the reference concentrations. Unfortunately, and although the highly-scalable control law (35) has its advantages, one
cannot guarantee that the constraints (27) will not be violated. Case studies investigate this point, but we still can ease these
issues by converting the constraints on states and inputs into the constraints on optimization variable ∆up.
First, the issue of bounding chlorine concentrations in system state x can be addressed by imposing upper and lower bound
constraints on yp, which is again reflective of the only optimization variable ∆up. To examine how this works in practice, we
remind readers that yp collects all xa(t) for the entire control horizon, where xa(t) collects ∆x(t) and measurements y(t).
To that end, it is conceivable to impose constraint yminp ≤ yp ≤ ymaxp which mimics (27). The constraint on yp can be written
as [
−yp
yp
]
≤
[
−yminp
ymaxp
]
.
Recalling that yp = Wxa +Z∆up, we obtain[
−Z
Z
]
∆up ≤
[
−yminp +Wxa
ymaxp −Wxa
]
. (36)
Second, the bounds on control input u can be also solved similarly as the way of bounding system state x. Recalling that
u(t) = u(t−1)+∆u(t) = u(t−1)+
[
Inu O . . .O
]
∆up and u(t+1) = u(t)+∆u(t+1) = u(t)+
[
Inu Inu . . .O
]
∆up,
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Fig. 4: Control diagram for WQC problem.
we obtain 
u(t)
u(t+ 1)
...
u(t+Np − 1)

︸ ︷︷ ︸
up
=

Inu
Inu
...
Inu

︸ ︷︷ ︸
H1
u(t− 1) +

Inu
Inu Inu
...
. . .
Inu . . . Inu Inu

︸ ︷︷ ︸
H2

∆u(k)
∆u(t+ 1)
...
∆u(t+Np − 1)

︸ ︷︷ ︸
∆up
.
Suppose that we have control input constraints uminp ≤ up ≤ umaxp , and it can be rewritten as[
−H2
H2
]
∆up ≤
[
−uminp +H1u(t− 1)
umaxp −H1u(t− 1)
]
. (37)
We observe that all bounds on system state x and control input u are expressed as the constraints on optimization variable
∆up [see (36) and (37)], and these inequality constraints can then be incorporated into a QP formulation for WQC, That is,
minimize
∆up
J(∆up) =
1
2
∆u>p R∆up + b
>∆up (38)
subject to (36), (37).
Note that unlike WQC−MPC (27), optimization problem (38) has far less optimization variables and constraints, seeing
that x(t), the vector with the majority of optimization variables in (27), is not present in (38). The number of optimization
variables of (34) and (38) are
Npnu = NpnN, (39)
and the percentage reduction is 1− NpnNNp(2nN+nL) = nN+nL2nN+nL ; see specific examples in Tab. IV in Section VI for details.
C. Real-time implementation
This section summarizes how the proposed computational methods can be implemented in real-world WQC applications
under uncertainty. The approach is depicted in Fig. 4. The blue boxes showcase quantities that are given ahead of time while the
red boxes are real-time, actual quantities that are not furnished for the control algorithm, considering that perfect parameters for
the MPC controller is unrealistic. Our approach considers three sources of uncertainty [40], [41] for extended period simulation:
(i) unknown disturbance (i.e., the chlorine concentration drops suddenly and unexpectedly due to the reaction with unknown
intrusive chemicals–sodium arsenite or contamination events happen), (ii) demand uncertainty, and (iii) parameter uncertainty
(i.e., estimated decay coefficients of chlorine in pipes and tanks kP and kTK is not accurate). The details and test results are
in Section VI.
First, the WDN topology and parameters are provided to Algorithm 1 which is the first basic step in obtaining the state-space
difference equation model. The WDN parameters include predictions of demand, and hence predictions of heads and flows
for the entire network for an extended period of simulation (e.g., for Td = 24 hours). This indicates our proposed method is
based on the solution of steady-state hydraulics. Second, the state-space matrices A(t) and B(t) are computed for the entire
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Fig. 5: Tested networks installed with mass boosters (marked as blue stars) and concentration sources (marked as green stars): (a) Three-node
network, (b) Net1, and (c) Net3 and its zoomed-in control area.
simulation time via the derivations in (20)–(25) that result in the state-space model (22). These computations, albeit require
little computational overhead, are performed offline and hence can be stored to be used sequentially for the control law.
Third, and depending on the operator preference of either applying an analytical (more computationally tractable) control
law as in (35) or the control law via the constrained quadratic program (38), the control law is generated by extracting the first
m elements of vector ∆up(t) resulting in ∆u(t). This is then followed by computing u(t) = ∆u(t)−u(t−1), where u(t−1)
can be initialized as zero vector. We note that this control law, u(t), is indeed a function of the current augmented state of
the network, namely xa(t) which includes the sensor measurements y(t). Fourth, this control law is then used to perform
water quality control via applying it to the WDN simulation—this simulation considers real-time quantities and parameters
that are not provided for the MPC law as described above. Finally, this procedure is repeated after the MPC law obtains new
measurements y(t), thereby resulting in a closed-loop, feedback-driven real-time implementation. Case studies are given in
the next section.
VI. CASE STUDIES
We present three simulation examples (illustrative three-node, Net1, and Net3 networks [24], [38]) to illustrate the appli-
cability of our approach. The three-node network is designed to illustrate the details of proposed method, then we test the
Net1 network with looped topology, and the final Net3 is for scalability test. All test cases are simulated via EPANET Matlab
Toolkit [42] on Windows 10 Enterprise with an Intel(R) Xeon(R) CPU E5-1620 v3 @3.50 GHz. All codes, parameters and
tested networks are available on Github [43].
A. Three-node network
Three-node network shown in Fig. 5a includes one junction, one pipe, one pump, one tank, and one reservoir. Only Junction
2 consumes water, and the difference between actual and predicted demand is a random number in [−10%, 10%], which is
viewed as demand uncertainty. A chlorine concentration source (cR1 = 0.8 mg/L) is installed at Reservoir 1 (marked as a green
star in Fig. 5a) and provides fixed 0.8 milligram per liter chlorine concentration, and the initial chlorine concentrations at or
in the other components are 0 mg/L. The pipe is split into sL23 = 100 segments. At first, we need to verify the effectiveness
of proposed LDE model (25).
1) Accuracy of the proposed LDE model: We need to verify the correctness and usability of the LDE model via simulation
software package EPANET. To this end, we keep settings and parameters exactly the same in LDE and EPAENT, such as
keeping a concentration source cR1 = 0.8 mg/L, the same demands. The results are shown in Fig. 6a, and we can see the
relative error between LDE model and EPANET hovers around 0.5% at steady-state, but exhibits larger oscillations for the
bigger network. Regardless, this model is only used to inform the control law—the control law is then applied to the simulation
toolbox.
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(a) (b)
Fig. 6: (a) relative error between EPANET and LDE, (b) time-space discretization results of Pipe 21 in Net1 based on the L-W scheme.
(a) (b)
Fig. 7: (a) MPC control action u during 1440 minutes for three-node network, (b) chlorine concentration at Junction 2, Tank 3, and Pipe
23 under three uncertainty sources, and unknown disturbance happens at 200-th minute.
We only show a specific example of LDE model (25) with the number of pipe segments is sL23 = 3. When ∆t = 1 second,
t = 0 : 300 seconds which is the first prediction horizon, and x(t+ ∆t) can be expressed by
0 0 0 0 0 0 1.0
0 1.0 0 0 0 0 0
0 0 0.996 0 0 0.005 0
0.236 0 0 0.878 −0.114 0 0
0 0 0 0.236 0.878−0.114 0
0 0 −0.114 0 0.236 0.878 0
0 0 0 0 0 0 1


A(t)
cJ(t)
cR(t)
cTK(t)
cP(t)
cM(t)


x(t)
0.1
0
0
0
0
0
0


B(t)
+ u(t)
where cP(t) , {cP(1, t), cP(2, t), cP(3, t)}, and u(t) , {cBJ (t + ∆t)} are known. Next, we apply the MPC algorithm to
implement water quality control considering uncertainty.
2) WQC-MPC for three-node network: The MPC controller or (35) is used to decide the minimum dosage of chlorine
injected by booster stations to maintain the proper concentration yref in the network. The reference or desired value vector
in (31) is yref = 2 mg/L, and the price λ = 0.001$/mg. The Q and R in MPC (35) are identity matrices. The parameters
for this simulation are Td = 24 hours (1440 minutes), Tn = Th = 1 hour, and Tp = 5 minutes. Note that sL23 = 100, and the
water quality time-step ∆t is dynamically decided by Remark 1.
Our simulation considers three sources of uncertainty [40], [41] for multi-period simulation. In this case, unknown disturbance
can be simulated by hijacking or changing the concentrations at specific nodes or links suddenly. That is, concentration at
Junction 2 and Pipe 23 at 200-th minute is forced to 1 mg/L suddenly shown in Fig. 7b. The difference between actual and
predicted demand is a random number in [−10%, 10%], which is the demand uncertainty. Similarly, we add 10% uncertainty
to kb23 and k
w
23 in (23) which is reaction rate uncertainty.
The final control action is shown in Fig. 7a, and the corresponding control effects under uncertainty are presented in Fig. 7b.
The initial chlorine concentration at Junction 2 and Pipe 23 are zeros, and in order to reach the reference value, which is
2.0 mg/L as quickly as possible, MPC law injects 6994.9 mg chlorine at the very first minute. This control action results
in overshoot at Junction 2, and the overshoot value is 2.8 mg/L as shown in Fig. 7b. We can increase R in (35) to avoid
overshoots, but it is not necessary here since 2.8 mg/L is still in [0.2, 4] mg/L and acceptable.
The mass rate injected by booster station drops to 4288.3 mg/minute five minutes later in Fig. 7a, and the corresponding
concentrations at Junction 2 and in Pipe 23 reach desired 2.0 mg/L in Fig. 7b. Seeing that this result for 1440 minutes is
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Fig. 8: Control action u at three mass booster locations in Net1 (4 days).
(a) (b)
Fig. 9: Chlorine concentration at Junction 11 (a), Junctions 21 and 31 (b) for 4 days under three uncertainty sources (unknown disturbance
happens at 3000-th minute and it takes 12 minutes to recover).
obtained three sources of uncertainty, and they are properly handled by MPC controller since only tiny oscillation around 2.0
mg/L is observed in Fig. 7b.
As for unknown disturbance uncertainty, we make cJ2 and c
P
23 drop to 1.0 mg/L at at the 200-th minute, and see the magnified
plot in right part of Fig. 7b. MPC controller responds immediately and injects 7500 mg to improve the concentration level. It
takes 15 minutes for cJ2 to recover back to the desired value, but for the c
P
23, this process takes 50 minutes.
B. Net1 network
Net1 network [24], [38] shown in Fig. 5b is composed of 9 junctions, 1 reservoir, 1 tank, 12 pipes, and 1 pump. The
effectiveness of proposed LDE model is verified and shown in Fig. 6a. The maximum error is 7%, that is due to the
“overshooting” (drawback) of L-W scheme. But when the L-W scheme is stable, the relative error is in [0.5%, 1%]. Additionally,
the time-space discretization results (with 100 segments and 24 hours) of Pipe 21 in Net1 based on the L-W scheme is presented
Fig. 6b.
Actuator placement problem is another topic that is out the scope of this paper, and the location of booster stations are
assumed to be predetermined subjectively, and fixed at Junctions 11, 22, and 31, and there is a chlorine source (1.0 mg/L) at
Reservoir 9 (marked as a green star in Fig. 5b). The initial chlorine concentrations at junctions and Tank 2 are 0.5 mg/L and
1.0 mg/L. The simulation duration Td = 4 days (5760 minutes), demand changes every Tn = 2 hour, hydraulic step is Th = 1
hour, and Tp = 5 minutes. We apply the same uncertainty and MPC parameters as the ones in three-node network. The final
control action is shown in Fig. 8, and the corresponding control effects are presented in Figs. 9 and 10. The main control
scheme and results are similar to three-node network. Hence, they are not repeated. Instead, the interesting and meaningful
observations and differences are presented next.
First, multi-booster stations are installed, and we can see that the booster at Junction 11 shoulders the majority of burden
compared with the other two boosters from Fig. 8. This result can be explained intuitively from Fig. 5 since (i) the booster
station installed at Junction 11 covers the majority of nodes except Junction 10. In fact, the concentration at Junction 10 can
not be adjusted in this case; (ii) the booster station installed at Junction 22 covers Junctions 22, 23, and 32; and (iii) the booster
station installed at Junction 31 only covers Junctions 31 and 32. Note that cover range may vary slightly if flow direction
changes.
Second, Rather than showing concentrations of all nodes and links, we plot the range zone and average value in Figs. 9
and 10, and only results for specific junctions and pipes (J11, J21, J31, P11, P31, and P110) are plotted. Note that (i)
concentrations from some nodes or links (Pump 9, Junction 10, and Pipe 10 in Fig. 5) cannot be adjusted by MPC controller
are excluded when plotting range zone and average value, and (ii) the average value does not reach the reference due to soft
constraints instead of hard constraints.
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(a) (b)
Fig. 10: Chlorine concentration in Pipe 11 (a), Pipes 31 and 110 (b) for 4 days under three uncertainty sources (unknown disturbance
happens at 3000-th minute and it takes 50 and 200 minutes for Pipe 11 and Pipe 110 to recover).
Tab. IV: Number of optimization variables (percentage reduction) of MPC (worst case scenario defined as booster stations installed at each
node).
Networks
# of com-
ponents∗ LP (28)
Unconstrained QP (34)
QP (38)
Solver (34) Analytical (35)
Three-node
network
{1,1,1,
1,1,0} 32,100 900 (97%) 0 (100%) 900 (97%)
Net1
{9,1,1,
12,1,0} 366,900 3,300 (99%) 0 (100%) 3,300 (99%)
Net3
{92,2,3,
117,2,0} 3,568,800 29,100 (99%) 0 (100%) 29,100 (99%)
∗Number of each component in WDN: {nJ, nR, nTK, nP, nM, nV}.
Third, the oscillations either from control actions in Fig. 8 or from the control effects in Figs. 9 and 10 are seen because (i)
Net1 network is looped and complex, and there exists a delay time for a junction to reach the desired value. For example, it
takes Junction 13 (we do not show the result for this junction due to space limitation) about 178 minutes to receive the chlorine
injected from the booster station at Junction 11, while it only takes 1 minute for Junction 11. This is also the reason why
Junction 13 has a delay, and Junction 11 has an overshoot, (ii) the flow rates changes frequently, and before the concentrations
are adjusted to the desired value, another state change of flow rates has arrived which leads to tiny oscillations.
Fourth, the concentration is near 1.0 mg/L during some time intervals for Pipe 110 (see Fig. 10b). For Pipe 110 during
[612,716] minutes in Fig. 10b, the water is flowing out from Tank 2 (see P110 in Fig. 8), and the concentration of Pipe 110
is decided by its upstream node concentration in Tank 2 (1.0 mg/L). Similar situation happens 10 times when it is in tank
draining period in Fig. 10b and this is due to (i) the flow rates are not optimization variables, and (ii) we cannot control the
flow direction after assuming the hydraulic model is solved first.
Next, we discuss the scalability of our proposed method. As we mentioned in Sections IV and V, WQC−MPC (28) has
huge dimension and computational burden, while the (34), or (38) is scalable, and it can be seen in Tab. IV. We discuss
scalability for three networks. Here we consider the worst case scenario, that is, booster stations are assumed to be installed
at all nodes thereby resulting in more optimization variables. We also consider Np = 5 minutes when ∆t = 1 second, or
Np = 300 time-steps, sL = 100 segments. According to (29) and (39), we present the number of variables and its corresponding
percentage reduction in Tab. IV. The minimum percentage reduction is 97%, and if we use (35), there is no optimization variable
at all, which proves our method is scalable. The result of scalability test is shown in next section.
C. Net3 network
Net3 network [38] shown in Fig. 5c, composed of 92 junctions, 2 reservoirs, 3 tanks, 117 pipes, and 2 pumps, is used for
scalability test, and the uncertainty is not considered in this test case. Similarly, before discussing the final control effects, the
effectiveness of proposed LDE model is verified and shown in Fig. 6a. The maximum error is 7.4%, and the relative error is
in [0.5%, 3%] when L-W scheme is stable.
There are two chlorine sources (0.5 mg/L) at the LAKE and RIVER (marked as a green star in Fig. 5c). The actuator
placement problem is out the scope of this paper, the number of mass booster stations and the corresponding locations are
decided subjectively so far as stated. Hence, we simply put three mass boosters at Junctions 217, 237, and 247 to improve the
chlorine concentrations of junctions and pipes in a certain area (zoomed-in in Fig. 5c) to the reference value yref = 0.6 mg/L.
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Fig. 11: Control action u at three mass booster locations in Net3 (1 day).
(a) (b)
Fig. 12: Chlorine concentrations in junctions (a) and pipes (b) in controlled area of Net3 (range zone and average value marked as red/blue
are the results before/after applying MPC controller)
The time-steps for this simulation are Td = 24 hours (1440 minutes), Tn = Th = 1 hour, and Tp = 5 minutes. The price
λ = 0.001$/mg, matrices Q and R in MPC (35) are 3I and 5I (I is an identity matrix with corresponding dimensions).
The MPC controller (35) is used to decide the optimal dosage of chlorine injected by booster stations (see control actions in
Fig. 11) to maintain the proper concentration yref (see control effects in Fig. 12) in the zoomed-in area. The main control
scheme, results, and analysis are similar to previous test cases and not repeated. We simply next present the difference in
control effects with/without applying MPC controller.
In Fig. 12a, the average concentration of all junctions in zoomed-in area after applying MPC controller is maintained at
about 0.52 mg/L (see blue line), while the average concentration of all junctions without applying MPC controller simply
decays from 0.5 mg/L to 0.2 mg/L (see red line). This verifies the effectiveness of designed MPC controller. Specifically, the
concentrations at Junctions 211 and 239 are shown as examples, and we observe that they are maintained at yref = 0.6 mg/L
most time.
In Fig. 12b, the average concentration of all pipes in zoomed-in area with/without applying MPC controller is shown as the
blue/red line. Comparing these two lines, we can observe the effectiveness of MPC controller. In particular, the concentration
in Pipe 283 is almost maintained at desired reference value 0.6 mg/L while concentration in Pipe 263 is only 0.4 mg/L which
is far from the reference. This is due to Pipe 283, located between Junctions 237 and 247 (both are installed with mass booster
stations), can be taken care of by both boosters while Pipe 263, located at the downstream of Junction 237 and far from it,
can only be impacted by only one booster.
With the results from Net3, the scalability of our proposed method is verified.
D. Comparisons with rule-based control
In this section, we perform thorough a case study to showcase the performance of our presented controller in comparison
with traditional WQC through EPANET’s built-in Rule-based Control (RBC). The simulation is performed for the three-node
network in Fig. 5a.
In particular, RBC can decide the chlorine dose with regarding to different deviation levels thorough predefined rules. In
our case, the deviation level is defined as
deviation =
1
2
(
100∑
s=1
(cP23(s, t)− yref))/100 + (cJ2(t)− yref)
)
which is always a number in [−yref , 0]. Each rule is an IF-ELSE statement, that is, “if a ≤ deviation < b, then u = c
mg/minute”. This implies if the deviation is in [a, b], then the booster should inject c mg of chlorine at that time-step.
To ensure fair comparison with the presented MPC approach, we apply all uncertainty sources to RBC as we did with MPC
in the previous section. The RBC law is shown in Fig. 13. We observe that the overall result is inferior to the MPC law shown
in Fig. 7, since (i) RBC is not network-driven and cannot optimize a cost function as MPC can do, and (ii) RBC exhibits
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(a) (b)
Fig. 13: (a) RBC control action u during 1440 minutes for three-node network, (b) chlorine concentration at Junction 2, Tank 3, and Pipe
23 under three uncertainty sources, and unknown disturbance happens at 200-th minute.
Tab. V: Comparison of performances for the three-node network. The three optimization objectives correspond with 1
2
(yref−yp)>Q(yref−
yp) (for reference deviation), 12∆u
>
p R∆up (for smoothness of the control action), and b>∆up (for the chlorine cost).
Objectives Reference Deviation Smoothness Chlorine cost ($) Total J(u)
MPC 1.22× 103 1.73× 107 5.99× 103 1.74× 107
RBC 3.73× 103 2.42× 1010 6.64× 103 2.42× 1010
larger oscillations due to its bang-bang nature. Besides that, conflicts exist among rules if we have multi-boosters, and we have
to define priorities for rules. The objective function values for three-node network are compared and listed in Tab. V, and we
observe that MPC outperforms RBC in all three metrics.
VII. CONCLUSIONS, BROADER IMPACTS, AND PAPER LIMITATIONS
This paper presents the first high-fidelity and thorough state-space, control-oriented model of water quality dynamics in
drinking water networks. A plug-and-play optimal model predictive control algorithm exploits this model to perform real-time
water quality regulation. The case studies demonstrate that such control algorithm is fast in responding to network disturbances.
The major broader impact of this work is two-fold. First, this study provides the control engineering research community
a tool to compute the time-varying state-space matrices for water quality dynamics. This can be used to test many other
more sophisticated control-theoretic techniques. Second, the proposed control algorithm can be used in future control centers
when water quality measurements are performed online. This allows water utilities to remotely control chlorine dosages given
real-time chlorine measurements in select network locations.
This paper is not devoid of limitations. First, the paper only focuses on single-species reaction models. Multiple-species
reaction models will then include nonlinear difference equations. Hence, an MPC for such a model will then involve a nonlinear,
nonconvex constrained optimization problem that is hard to optimally solve. Second, although the linear MPC proposed in this
paper shows promise in dealing with uncertainty, this controller cannot, in theory, guarantee a desired water quality performance
although case studies show adequate performance. Third, state and input bounding problem in practice is critical, and we only
provide a potential MPC formulation to guarantee the satisfaction of state and input bounds without results verifying our
derivation. To that end, the authors’ future work will focus on these important extensions: (i) designing scalable computational
methods to deal with a nonlinear MPC through convex relaxations; (ii) robustifying the proposed MPC to theoretically account
for worst-case uncertainty; (iii) verifying the effectiveness of the proposed MPC formulation guaranteeing the state and input
bounds, and exploring the feasibility of the MPC problem with complex constraints.
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APPENDIX A
AN ILLUSTRATIVE EXAMPLE OF WATER QUALITY MODEL DERIVATION OF TYPICAL COMPONENTS
A five-node illustrative example shown in Fig. 2 is used to help the reader understand the theoretical derivation of proposed
water quality model in Section II. Each node is installed with a booster station and each pipe will be divided into three segments
for simplicity according to the Lax-Wendroff (L-W) scheme introduced next.
Example 1. According to L-W scheme, the concentration of each segment of P23 in Fig. 2 is
cP23(1, t+ ∆t) = α23(t)c
J
2(t) + α23(t)c
P
23(1, t) + α23(t)c
P
23(2, t) + r23(c
P
23(1, t)), (40a)
cP23(2, t+ ∆t) = α23(t)c
P
23(1, t) + α23(t)c
P
23(2, t) + α23(t)c
P
23(3, t) + r23(c
P
23(2, t)), (40b)
cP23(3, t+ ∆t) = α23(t)c
P
23(2, t) + α23(t)c
P
23(3, t) + α23(t)c
J
3(t) + r23(c
P
23(3, t)). (40c)
Similarly, we can obtain equations of each segment in cP24(t+ ∆t) and c
P
52(t+ ∆t) in Fig. 2.
Example 2. According to mass balance at J3 and Assumption 1, we have
cJ3(t+ ∆t) = c
V
34(t+ ∆t), (41a)
qB3 (t+ ∆t)c
B
3 (t+ ∆t) + q23(t+ ∆t)c
P
23(3, t+ ∆t) = q
D
3 (t+ ∆t)c
J
3(t+ ∆t) + q34(t+ ∆t)c
V
34(t+ ∆t), (41b)
where cP23(3, t+ ∆t) is the third segment of P23 in Fig. 2, and is already derived as (40c). After substituting (40c) and (41a)
into (41b), we obtain
cJ3(t+ ∆t) = a
J
J(t)c
J
3(t) + a
P
J (2, t)c
P
23(2, t) + a
P
J (3, t)c
P
23(3, t) + b
B
J (t+ ∆t)c
B
3 (t+ ∆t) +R
J
3(t+ ∆t)c
P
23(3, t),
where the coefficients are
aJJ(t) = α23(t)β1(t+ ∆t), a
P
J (2, t) = α23(t)β1(t+ ∆t), a
P
J (3, t) = α23(t)β1(t+ ∆t),
bBJ (t) = β2(t+ ∆t), R
J
3(t+ ∆t) = β1(t+ ∆t)k
P
23.
Note that β1(t + ∆t) =
q23(t+∆t)
q34(t+∆t)+qD3 (t+∆t)
and β2(t + ∆t) =
qB3 (t+∆t)
q34(t+∆t)+qD3 (t+∆t)
. Similarly, after listing mass balance
equations at J3 and J4, cJ2(t+ ∆t) and c
J
4(t+ ∆t) can be derived, but omitted here.
Example 3. Consider that four links (M12, P52, P24, P23) are connected by a junction (J2) in Fig. 2 and selection matrix
SinJ selecting inflows can be obtained directly by changing −1 to 0 in −ELJ2 which is defined as
[
EPJ2 E
M
J2 E
V
J2
]
; SoutJ
selecting outflows can be obtained by changing −1 to 0 in ELJ2. That is,
ELJ2 =
P23 P24 P52 M12 V34
J2 1 1 −1 −1 0
SinJ = [0 0 1 1 0]
SoutJ = [1 1 0 0 0]
Example 4. According to mass balance at TK5 shown in Fig. 2 and Assumption 1, we have
cTK5 (t+ ∆t) = a
TK
TK(t+ ∆t)c
TK
5 (t) + b
B
TK(t+ ∆t)c
B
5 (t+ ∆t) +R
TKrTK(t+ ∆t)(cTK5 (t)),
where coefficients aTKTK(t+ ∆t) =
V TK5 (t)−q52(t)∆t
V TK5 (t+∆t)
, bBTK(t+ ∆t) =
V B5 (t+∆t)
V TK5 (t+∆t)
, and RTK(t+ ∆t) = ∆t
V TK5 (t+∆t)
.
Example 5. The concentration difference equation of R1 in Fig. 2 is cR1 (t+ ∆t) = cR1 (t).
Example 6. Consider that the pump M12 and the valve V34 are connected as shown in Fig. 2, and Matrix SNM (SNV ) is
obtained simply by changing −1 to 0 in ENM (ENV ) which is defined as
[
EJM E
R
M E
TK
M
] ([
EJV E
R
V E
TK
V
])
. That is
ENM
ENV

 J2 J3 J4 R1 TK5M12 −1 0 0 1 0
V34 0 1 −1 0 0=
SNM
SNV

 0 0 0 1 0
0 1 0 0 0
 =
We can see SNM (S
N
V ) select R1 (J3) that are the upstream node of M12 (V34).
Example 7. Since the upstream node of M12 is R1, and according to (19a), cM12(t+ ∆t) = cM12(t).
Since the upstream node of V34 is J3, we have cV34(t+ ∆t) = c
J
3(t+ ∆t), and c
J
3(t+ ∆t) is available in Example 2. Hence,
cV34(t+ ∆t) = a
J
J(t)c
J
3(t) + a
P
J (2, t)c
P
23(2, t) + a
P
J (3, t)c
P
23(3, t) + b
B
J (t+ ∆t)c
B
3 (t+ ∆t) +R
Jr23(c
P
23(3, t)),
where all parameters are the same as the ones in Example 2.
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Fig. 14: Concentration dependence forest of the illustrative example in Fig. 2 (the segment in a pipe is denoted as s).
Example 8. According to the topology in Fig. 2, we have
P = {P23,P24,P52},M = {M12},V = {V34},D = {J2, J4},W\D = {R1, J3,TK5}.
The concentration dependence forest for this case shown in Fig. 14 includes three independent trees. This forest shows the
details of how state variable of each component from t to t+ ∆t are connected. Specifically, Reservoir 1 (cR1 ) is independent
of the rest, and forms an independent tree.
Let us take the tree in which the root is Pipe 23 (P23) as an example. According to (40) in Example 1, cP23(s, t+∆t) can be
expressed by cJ2(t), c
P
23(s, t), and c
J
3(t). The downstream node of Pipe 23 is J3, and c
J
3(t+ ∆t) depends on c
P
23(s, t+ ∆t), see
Example 2. Moreover, the downstream link of J3 is V34. Hence, cV34(t+ ∆t) depends on c
J
3(s, t+ ∆t), see Example 7. The
downstream node of V34 is J4, which also is the downstream node of Pipe 24. Therefore, cJ4(t+ ∆t) depends on c
V
34(t+ ∆t)
and cP24(s, t+ ∆t) simultaneously.
After all concentration at t+ ∆t are available, the corresponding matrix form for each component type can be obtained.
APPENDIX B
MATRIX FORM DERIVATION FOR JUNCTIONS
The Hadamard product or division is commutative, associative and distributive over addition [44]. For example, if x, y,
and z are vectors of the same size, and all elements in y are non-zeros, then we have x  y ◦ z = x ◦ z  y. We present
another property that is frequently used in the later derivation of water quality modeling as
Property 1. If x and y are vectors of the same size, and E is a matrix with proper dimension, then
(Ex) ◦ (Ey) = E(x ◦ y) = E diag(x)y.
With the above properties, the detail of matrix form derivation of water quality modeling for various components (junction,
tanks) is presented next.
Links ki and ij can be pipes, valves, pumps, or their combinations, that is, cL(sL, t + ∆t) , {cP(sL, t + ∆t), cM(t +
∆t), cV(t+ ∆t), }, where cP(sL, t+ ∆t) can be expressed by SPcP where SP ∈ R(nP·sL)×(nP·sL) is a matrix selecting the
last segment of Pipes. Note that cL(sL, t+ ∆t) = SLcL(t+ ∆t).
According to Assumption 1 or (6), we know that cJi (t + ∆t) equals c
P
ij(1, t + ∆t), c
M
ij (t + ∆t), or c
V
ij(t + ∆t). Then we
consider the simplification of (13) by moving qout(t+ ∆t) , qoutJ (t+ ∆t) + qD(t+ ∆t) to the right-hand side, and we have
cJ(t+ ∆t) = qinJ (t+ ∆t) qout(t+ ∆t) ◦ (diag(SinJ )cL(sL, t+ ∆t)) + qBJ (t+ ∆t) qout(t+ ∆t) ◦ cBJ (t+ ∆t). (42)
Note that According to the commutative property and Property 1, we derive the first item of (42) as
qinJ (t+ ∆t) qout(t+ ∆t) ◦ (diag(SinJ )cL(sL, t+ ∆t))
=
(
diag(SinJ ) diag(q
L(t+ ∆t))SLcL(t+ ∆t)
) qout(t+ ∆t)
= (diag(qout(t+ ∆t)))−1 diag(SinJ ) diag(q
L(t+ ∆t))SL︸ ︷︷ ︸
AL(t+ ∆t)
cL(t+ ∆t)
Similarly, for the second item of (42), we have
qBJ (t+ ∆t) (qout(t+ ∆t)) ◦ cBJ (t+ ∆t) = (diag(qout(t+ ∆t))−1EBJ diag(qB(t+ ∆t))︸ ︷︷ ︸
BJ(t+ ∆t)
cB(t+ ∆t).
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Note that qBJ (t+ ∆t) = E
B
J q
B(t+ ∆t) and cBJ (t+ ∆t) = E
B
J c
B(t+ ∆t), and Property 1 is applied to the above derivation.
Hence, (42) can be written as
cJ(t+ ∆t) = AL(t+ ∆t)cL(t+ ∆t) +BJ(t+ ∆t)cBJ (t+ ∆t).
Since cL(t + ∆t) lumping cP,M,V(t + ∆t) can be expressed by cL(t), cJ(t), etc. After substituting, we can get the matrix
form. Next, we only give an example of pipes, that is,
cJ(t+ ∆t) = AP(t+ ∆t)cP(t+ ∆t) +BJ(t+ ∆t)cBJ (t+ ∆t). (43)
According to (8), we have
cP(t+ ∆t) = AJP(t)c
J(t) +APP(t)c
P(t) + rP(cP(t)). (44)
After substituting (44) to (43), we have matrix form of Junction i at t+ ∆t when links are all pipes as
cJ(t+ ∆t) = AJJ(t+ ∆t)c
J(t) +APJ (t+ ∆t)c
P(t) +BJ(t+ ∆t)cB(t+ ∆t) +RJ(t+ ∆t)r(x(t)), (45)
where AJJ(t + ∆t) = A
P(t + ∆t)AJP(t), A
P
J (t + ∆t) = A
P(t + ∆t)APP(t), R
J(t + ∆t) is
[
AP(t+ ∆t) O
]
and r(x(t))
is defined as
[
r(cP(t))
r(cTK(t))
]
according to (21).
The final result considering pumps and valves is similar to (45), and after replacing APJ (t+∆t)c
P(t) with ALJ (t+∆t)c
L(t)
in (45), the final result for junction is (10) in Tab. II, where ALJ is contribution matrix from links for the concentration of
junctions.
Note that each element in qoutJ +q
D is non-zero. Otherwise, it means there is a junction consuming no water or transporting
zero water to next junction, and it is not necessary to calculate the concentrations at junctions in such case. Hence, diag(qoutJ +
qD))−1 exists, and Equation (45) holds true.
APPENDIX C
MATRIX FORM DERIVATION FOR TANKS
We consider the simplification of (14) by moving V TK(t+ ∆t) to the right-hand side, and we have
cTK(t+ ∆t) = (V TK(t)−∆t qoutTK(t)) V TK(t+ ∆t) ◦ cTK(t) + ∆t qinTK(t) V TK(t+ ∆t) ◦ cP(t)
+ V BTK(t+ ∆t) V TK(t+ ∆t) ◦ cBTK(t+ ∆t) + ∆t rTK(cTK),
where the first item is
(V TK(t)−∆t qoutTK(t)) V TK(t+ ∆t) ◦ cTK(t) =
(
diag(V TK(t+ ∆t))
)−1
diag(V TK(t)−∆t qoutTK(t))︸ ︷︷ ︸
ATKTK(t)
cTK(t),
and the second and the third items are
∆t qinTK(t) V TK(t+ ∆t) ◦ cP(t) = ∆t
(
diag(V TK(t+ ∆t))
)−1
diag(qinTK(t))︸ ︷︷ ︸
APTK(t)
cP(t),
and
V BTK(t+ ∆t) V TK(t+ ∆t) ◦ cBTK(t+ ∆t) =
(
diag(V TK(t+ ∆t))
)−1
EBTK diag(V
B
TK(t+ ∆t))︸ ︷︷ ︸
BTK(t)
cB(t+ ∆t).
The fourth item ∆t rTK(cTK(t)) can be rewritten in matrix form RTK(t)r(x(t)), and RTK(t) = ∆t
[
O I
]
. Hence,
cTK(t+ ∆t) = ATKTK(t)c
TK(t) +APTK(t)c
P(t) +BTK(t+ ∆t)cB(t+ ∆t) +RTK(t)r(x(t)),
that is (12) in Tab. II. Note that (i) the ATKTK(t), A
P
TK(t), and B
TK(t) are state-space, contribution matrices for the concentration
of tanks from tanks, pipes, and boosters, (ii) the tanks, not like junctions, always connect with pipes, that’s why we can use cP
in (12) instead of cL in (10), and (iii) the tanks are assumed not empty, that is, inverse of diag(V TK(t+ ∆t)) always exists.
